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Preface

First, here’s a little bit of history on how this material was created (there’s a reason for this, |
promise). A long time ago (2002 or so) when | decided | wanted to put some mathematics stuff on
the web | wanted a format for the source documents that could produce both a pdf version as well
as a web version of the material. After some investigation | decided to use MS Word and MathType
as the easiest/quickest method for doing that. The result was a pretty ugly HTML (i.e web page
code) and had the drawback of the mathematics were images which made editing the mathematics
painful. However, it was the quickest way or dealing with this stuff.

Fast forward a few years (don’t recall how many at this point) and the web had matured enough
that it was now much easier to write mathematics in IATEX (https://en.wikipedia.org/wiki/LaTeX) and
have it display on the web (IATEX was my first choice for writing the source documents). So, | found
a tool that could convert the MS Word mathematics in the source documents to IKTEX. It wasn't
perfect and | had to write some custom rules to help with the conversion but it was able to do it
without “messing” with the mathematics and so | didn’t need to worry about any math errors being
introduced in the conversion process. The only problem with the tool is that all it could do was
convert the mathematics and not the rest of the source document into IATEX. That meant | just
converted the math into IATEX for the website but didn’t convert the source documents.

Now, here’s the reason for this history lesson. Fast forward even more years and | decided that |
really needed to convert the source documents into IATgX as that would just make my life easier and
I'd be able to enable working links in the pdf as well as a simple way of producing an index for the
material. The only issue is that the original tool I'd use to convert the MS Word mathematics had
become, shall we say, unreliable and so that was no longer an option and it still has the problem
on not converting anything else into proper IATEX code.

So, the best option that | had available to me is to take the web pages, which already had the
mathematics in proper IKTEX format, and convert the rest of the HTML into IATEX code. | wrote a
set of tools to do his and, for the most part, did a pretty decent job. The only problem is that the
tools weren’t perfect. So, if you run into some “odd” stuff here (things like <sup>, <span>, </span>,
<div>, efc.) please let me know the section with the code that | missed. | did my best to find all the
“orphaned” HTML code but I'm certain | missed some on occasion as | did find my eyes glazing
over every once in a while as | went over the converted document.

Now, with that out of the way, here are the solutions to the practice problems for the Calculus
notes.
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Preface

Note that some sections will have more problems than others and some will have more or less of a
variety of problems. Most sections should have a range of difficulty levels in the problems although
this will vary from section to section.

Please understand as well that this document was written up with the intent of eventual display
on the web. That means that some of the formatting may seem a little out of place. For example,
some of the problems/parts have hints for them. Online the solution that the hint refers to will be
hidden until the reader clicks on a “show” link but here that is not possible and so the hint may not
be as useful here as it would be if reading this online.
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Outline

Preliminaries - The purpose of this chapter is to review several topics that will arise time and again
throughout this material. Many of the topics here are so important to an Algebra class that if you
don’t have a good working grasp of them you will find it very difficult to successfully complete the
course. Also, itis assumed that you’ve seen the topics in this chapter somewhere prior to this class
and so this chapter should be mostly a review for you. However, since most of these topics are
so important to an Algebra class we will make sure that you do understand them by doing a quick
review of them here.

Exponents and polynomials are integral parts of any Algebra class. If you do not remember the
basic exponent rules and how to work with polynomials you will find it very difficult, if not impossible,
to pass an Algebra class. This is especially true with factoring polynomials. There are more than
a few sections in an Algebra course where the ability to factor is absolutely essential to being able
to do the work in those sections. In fact, in many of these sections factoring will be the first step
taken.

It is important that you leave this chapter with a good understanding of this material! If you don’t
understand this material you will find it difficult to get through the remaining chapters. Here is a
brief listing of the material covered in this chapter.

Integer Exponents - In this section we will start looking at exponents. We will give the ba-
sic properties of exponents and illustrate some of the common mistakes students make in
working with exponents. Examples in this section we will be restricted to integer exponents.
Rational exponents will be discussed in the next section.

Rational Exponents - In this section we will define what we mean by a rational exponent and
extend the properties from the previous section to rational exponents. We will also discuss
how to evaluate numbers raised to a rational exponent.

Radicals - In this section we will define radical notation and relate radicals to rational ex-
ponents. We will also give the properties of radicals and some of the common mistakes
students often make with radicals. We will also define simplified radical form and show how
to rationalize the denominator.

Polynomials - In this section we will introduce the basics of polynomials a topic that will appear
throughout this course. We will define the degree of a polynomial and discuss how to add,
subtract and multiply polynomials.
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Factoring Polynomials - In this section we look at factoring polynomials a topic that will appear
in pretty much every chapter in this course and so is vital that you understand it. We will
discuss factoring out the greatest common factor, factoring by grouping, factoring quadratics
and factoring polynomials with degree greater than 2.

Rational Expressions - In this section we will define rational expressions. We will discuss
how to reduce a rational expression lowest terms and how to add, subtract, multiply and
divide rational expressions.

Complex Numbers - In this section we give a very quick primer on complex numbers including
standard form, adding, subtracting, multiplying and dividing them.

Solving Equations and Inequalities In this chapter we will look at one of the standard topics in any
Algebra class. The ability to solve equations and/or inequalities is very important and is used time
and again both in this class and in later classes. We will cover a wide variety of solving topics in
this chapter that should cover most of the basic equations/inequalities/techniques that are involved
in solving.

Solutions and Solution Sets - In this section we introduce some of the basic notation and
ideas involved in solving equations and inequalities. We define solutions for equations and
inequalities and solution sets.

Linear Equations - In this section we give a process for solving linear equations, including
equations with rational expressions, and we illustrate the process with several examples.
In addition, we discuss a subtlety involved in solving equations that students often over-
look.

Applications of Linear Equations - In this section we discuss a process for solving applications
in general although we will focus only on linear equations here. We will work applications in
pricing, distance/rate problems, work rate problems and mixing problems.

Equations With More Than One Variable - In this section we will look at solving equations
with more than one variable in them. These equations will have multiple variables in them
and we will be asked to solve the equation for one of the variables. This is something that
we will be asked to do on a fairly regular basis.

Quadratic Equations, Part | - In this section we will start looking at solving quadratic equa-
tions. Specifically, we will concentrate on solving quadratic equations by factoring and the
square root property in this section.

Quadratic Equations, Part Il - In this section we will continue solving quadratic equations.
We will use completing the square to solve quadratic equations in this section and use that
to derive the quadratic formula. The quadratic formula is a quick way that will allow us to
quickly solve any quadratic equation.

Quadratic Equations : A Summary - In this section we will summarize the topics from the
last two sections. We will give a procedure for determining which method to use in solving
quadratic equations and we will define the discriminant which will allow us to quickly deter-
mine what kind of solutions we will get from solving a quadratic equation.
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Applications of Quadratic Equations - In this section we will revisit some of the applications
we saw in the linear application section, only this time they will involve solving a quadratic
equation. Included are examples in distance/rate problems and work rate problems.

Equations Reducible to Quadratic Form - Not all equations are in what we generally consider
quadratic equations. However, some equations, with a proper substitution can be turned into
a quadratic equation. These types of equations are called quadratic in form. In this section
we will solve this type of equation.

Equations with Radicals - In this section we will discuss how to solve equations with square
roots in them. As we will see we will need to be very careful with the potential solutions we
get as the process used in solving these equations can lead to values that are not, in fact,
solutions to the equation.

Linear Inequalities - In this section we will start solving inequalities. We will concentrate on
solving linear inequalities in this section (both single and double inequalities). We will also
introduce interval notation.

Polynomial Inequalities - In this section we will continue solving inequalities. However, in
this section we move away from linear inequalities and move on to solving inequalities that
involve polynomials of degree at least 2.

Rational Inequalities - We continue solving inequalities in this section. We now will solve
inequalities that involve rational expressions, although as we’ll see the process here is pretty
much identical to the process used when solving inequalities with polynomials.

Absolute Value Equations - In this section we will give a geometric as well as a mathematical
definition of absolute value. We will then proceed to solve equations that involve an absolute
value. We will also work an example that involved two absolute values.

Absolute Value Inequalities - In this final section of the Solving chapter we will solve inequal-
ities that involve absolute value. As we will see the process for solving inequalities with a <
(i.e. aless than) is very different from solving an inequality with a > (i.e. greater than).

Graphing and Functions In this chapter we will be introducing two topics that are very important in
an algebra class. We will start off the chapter with a brief discussion of graphing. This is not really
the main topic of this chapter, but we need the basics down before moving into the second topic of
this chapter. The next chapter will contain the remainder of the graphing discussion.

The second topic that we’ll be looking at is that of functions. This is probably one of the more impor-
tant ideas that will come out of an Algebra class. When first studying the concept of functions many
students don’t really understand the importance or usefulness of functions and function notation.
The importance and/or usefulness of functions and function notation will only become apparent in
later chapters and later classes. In fact, there are some topics that can only be done easily with
function and function notation.

Graphing - In this section we will introduce the Cartesian (or Rectangular) coordinate system.
We will define/introduce ordered pairs, coordinates, quadrants, and x and y-intercepts. We
will illustrate these concepts with a quick example.
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Lines - In this section we will discuss graphing lines. We will introduce the concept of slope
and discuss how to find it from two points on the line. In addition, we will introduce the
standard form of the line as well as the point-slope form and slope-intercept form of the line.
We will finish off the section with a discussion on parallel and perpendicular lines.

Circles - In this section we discuss graphing circles. We introduce the standard form of the
circle and show how to use completing the square to put an equation of a circle into standard
form.

The Definition of a Function - In this section we will formally define relations and functions.
We also give a “working definition” of a function to help understand just what a function is.
We introduce function notation and work several examples illustrating how it works. We also
define the domain and range of a function. In addition, we introduce piecewise functions in
this section.

Graphing Functions - In this section we discuss graphing functions including several exam-
ples of graphing piecewise functions.

Combining functions - In this section we will discuss how to add, subtract, multiply and divide
functions. In addition, we introduce the concept of function composition.

Inverse Functions - In this section we define one-to-one and inverse functions. We also
discuss a process we can use to find an inverse function and verify that the function we get
from this process is, in fact, an inverse function.

Common Graphs We started the process of graphing in the previous chapter. However, since the
main focus of that chapter was functions we didn’t graph all that many equations or functions. In
this chapter we will now look at graphing a wide variety of equations and functions.

Lines, Circles and Piecewise Functions - This section is here only to acknowledge that we've
already talked about graphing these in a previous chapter.

Parabolas - In this section we will be graphing parabolas. We introduce the vertex and axis
of symmetry for a parabola and give a process for graphing parabolas. We also illustrate how
to use completing the square to put the parabola into the form f(z) = a(x — h)? + k.

Ellipses - In this section we will graph ellipses. We introduce the standard form of an ellipse
and how to use it to quickly graph an ellipse.

Hyperbolas - In this section we will graph hyperbolas. We introduce the standard form of a
hyperbola and how to use it to quickly graph a hyperbola.

Miscellaneous Functions - In this section we will graph a couple of common functions that
don’t really take all that much work to do but will be needed in later sections. We’ll be looking
at the constant function, square root, absolute value and a simple cubic function.

Transformations - In this section we will be looking at vertical and horizontal shifts of graphs
as well as reflections of graphs about the = and y-axis. Collectively these are often called
transformations and if we understand them they can often be used to allow us to quickly
graph some fairly complicated functions.
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Symmetry - In this section we introduce the idea of symmetry. We discuss symmetry about
the x-axis, y-axis and the origin and we give methods for determining what, if any symmetry,
a graph will have without having to actually graph the function.

Rational Functions - In this section we will discuss a process for graphing rational functions.
We will also introduce the ideas of vertical and horizontal asymptotes as well as how to
determine if the graph of a rational function will have them.

Polynomial Functions In this chapter we are going to take a more in depth look at polynomials.
We’'ve already solved and graphed second degree polynomials (i.e. quadratic equations/functions)
and we now want to extend things out to more general polynomials. We will take a look at find-
ing solutions to higher degree polynomials and how to get a rough sketch for a higher degree
polynomial.

We will also be looking at Partial Fractions in this chapter. It doesn’t really have anything to do with
graphing polynomials but needed to be put somewhere and this chapter seemed like as good a
place as any.

Dividing Polynomials - In this section we’ll review some of the basics of dividing polynomials.
We will define the remainder and divisor used in the division process and introduce the idea
of synthetic division. We will also give the Division Algorithm.

Zeroes/Roots of Polynomials - In this section we’ll define the zero or root of a polynomial
and whether or not it is a simple root or has multiplicity £. We will also give the Fundamental
Theorem of Algebra and The Factor Theorem as well as a couple of other useful Facts.

Graphing Polynomials - In this section we will give a process that will allow us to get a rough
sketch of the graph of some polynomials. We discuss how to determine the behavior of the
graph at z-intercepts and the leading coefficient test to determine the behavior of the graph
as we allow x to increase and decrease without bound.

Finding Zeroes of Polynomials - As we saw in the previous section in order to sketch the
graph of a polynomial we need to know what it's zeroes are. However, if we are not able
to factor the polynomial we are unable to do that process. So, in this section we’ll look at a
process using the Rational Root Theorem that will allow us to find some of the zeroes of a
polynomial and in special cases all of the zeroes.

Partial Fractions - In this section we will take a look at the process of partial fractions and
finding the partial fraction decomposition of a rational expression. What we will be asking
here is what “smaller” rational expressions did we add and/or subtract to get the given rational
expression. This is a process that has a lot of uses in some later math classes. It can show
up in Calculus and Differential Equations for example.

Exponential Functions - In this section we will introduce exponential functions. We will give some
of the basic properties and graphs of exponential functions. We will also discuss what many people
consider to be the exponential function, f(z) = e*.

Logarithm Functions - In this section we will introduce logarithm functions. We give the basic
properties and graphs of logarithm functions. In addition, we discuss how to evaluate some basic
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logarithms including the use of the change of base formula. We will also discuss the common
logarithm, log(z), and the natural logarithm, In(z).

Solving Exponential Equations - In this section we will discuss a couple of methods for solving
equations that contain exponentials.

Solving Logarithm Equations - In this section we will discuss a couple of methods for solving equa-
tions that contain logarithms. Also, as we’ll see, with one of the methods we will need to be careful
of the results of the method as it is always possible that the method gives values that are, in fact,
not solutions to the equation.

Applications - In this section we will look at a couple of applications of exponential functions and
an application of logarithms. We look at compound interest, exponential growth and decay and
earthquake intensity.

Systems of Equations This is a fairly short chapter devoted to solving systems of equations. A
system of equations is a set of equations each containing one or more variable.

We will focus exclusively on systems of two equations with two unknowns and three equations
with three unknowns although the methods looked at here can be easily extended to more equa-
tions. Also, with the exception of the last section we will be dealing only with systems of linear
equations.

Linear Systems with Two Variables - In this section we will solve systems of two equations
and two variables. We will use the method of substitution and method of elimination to solve
the systems in this section. We will also introduce the concepts of inconsistent systems of
equations and dependent systems of equations.

Linear Systems with Three Variables - In this section we will work a couple of quick examples
illustrating how to use the method of substitution and method of elimination introduced in the
previous section as they apply to systems of three equations.

Augmented Matrices - In this section we will look at another method for solving systems.
We will introduce the concept of an augmented matrix. This will allow us to use the method
of Gauss-Jordan elimination to solve systems of equations. We will use the method with
systems of two equations and systems of three equations.

More on the Augmented Matrix - In this section we will revisit the cases of inconsistent
and dependent solutions to systems and how to identify them using the augmented matrix
method.

Nonlinear Systems - In this section we will take a quick look at solving nonlinear systems of
equations. A nonlinear system of equations is a system in which at least one of the equations
is not linear, i.e. has degree of two or more. Note as well that the discussion here does not
cover all the possible solution methods for nonlinear systems. Solving nonlinear systems is
often a much more involved process than solving linear systems.
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1 Preliminaries

This chapter consists of some material that many students in a College Algebra course should
have seen somewhere prior to the course. However, these topics are so important to a College
Algebra course that we need to make sure they are covered so those that haven’t seen them prior
to the course can get caught up and to allows those that have seen them a chance for a refresher.
Most of these topics will arise time and again as we cover the rest of the material for the course
and if you don’t have a good grasp of them you will find it difficult to successfully complete the
course.

Exponents and polynomials are integral parts of any College Algebra class. If you do not remember
the basic exponent rules and how to work with polynomials you will find it very difficult, if not
impossible, to pass a College Algebra class. This is especially true with factoring polynomials.
There are more than a few sections in a College Algebra course where the ability to factor is
absolutely essential to being able to do the work in those sections. In fact, in many of these
sections factoring will be the first step taken.

So, once again, it is important that you leave this chapter with a good understanding of this ma-
terial! If you don’t understand this material you will find it difficult to get through the remaining
chapters.

The following sections are the practice problems, with solutions, for this material.
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Chapter 1 : Preliminaries Section 1.1 : Integer Exponents

1.1 Integer Exponents

1. Evaluate the following expression and write the answer as a single number without exponents.

—624+4-32

There is not really a whole lot to this problem. All we need to do is the evaluations recalling
the proper order of operations.

—62+4-32:—36+4-(9):—36+36:@

Be careful with the first term and recall that,
—6% = — (6%) = — (36) = —36
If we'd wanted the minus sign to also get squared we’d have written,
(—6) = 36
Always remember to be careful with exponents. The only thing that gets the exponent is

the number/term immediately to the left of the exponent. If we want to include minus signs
on numbers with exponents then we need to add in parenthesis.

2. Evaluate the following expression and write the answer as a single number without exponents.

(-2)*
(32 + 22)?

There is not really a whole lot to this problem. All we need to do is the evaluations recalling
the proper order of operations.

-2* 16 16 16

(32+22)2  (9+4)% (13> | 169

Remember that we need to do the evaluations inside the parenthesis in the denominator
before we deal with the overall exponent that is on the parenthesis.
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Chapter 1 : Preliminaries Section 1.1 : Integer Exponents

3. Evaluate the following expression and write the answer as a single number without exponents.

40 .92
371 . 472

There is not really a whole lot to this problem. All we need to do is the evaluations recalling
the proper order of operations.

40.272  40.31.42 (1) (3)-(16) -
3-1.4-2 22 4

It is almost always going to be best to first get rid of negative exponents prior to doing any
of the rest of the evaluation work. Also, don’t forget to reduce any resultant fractions down
as much as possible.

4. Evaluate the following expression and write the answer as a single number without exponents.

214471

There is not really a whole lot to this problem. All we need to do is the evaluations recalling
the proper order of operations.

27yt =

| =
o

+

N

It is almost always going to be best to first get rid of negative exponents prior to doing any
of the rest of the evaluation work. Also, make sure you can add/subtract fractions! We're
going to be running into a lot of fractions here and you need to be able to work with those.
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Chapter 1 : Preliminaries Section 1.1 : Integer Exponents

5. Simplify the following expression and write the answer with only positive exponents.

(2w4v*5)_2

There is not really a whole lot to this problem. All we need to do is use the properties from
this section to do the simplification.

10 10

) 9 _ v v
(2w4v 5) =922 80 = 5§ = —
22w 4w

Note that there are several “paths” (i.e. the order in which you chose to use the properties)
you can take to do the simplification. Each will end up with the same answer however and
so you don’t need to get excited if you chose a different order in which to use the properties
than we did here.

6. Simplify the following expression and write the answer with only positive exponents.

2x4y71

2—6y3

There is not really a whole lot to this problem. All we need to do is use the properties from
this section to do the simplification.

2z4y~1 _ 22426 _ 2210
2643 Y3yl YA

Note that there are several “paths” (i.e. the order in which you chose to use the properties)
you can take to do the simplification. Each will end up with the same answer however and
so you don’t need to get excited if you chose a different order in which to use the properties
than we did here.
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Chapter 1 : Preliminaries Section 1.1 : Integer Exponents

7. Simplify the following expression and write the answer with only positive exponents.

m—2n— 10
m~"n=3

There is not really a whole lot to this problem. All we need to do is use the properties from
this section to do the simplification.

m—2n—10 m7n3 m5

m—n-3  m2plo | 7

8. Simplify the following expression and write the answer with only positive exponents.

(20%) ¢
(6g) 'p~7

There is not really a whole lot to this problem. All we need to do is use the properties from
this section to do the simplification.

t

-3
(sz) ¢ B 9361 B 61p7q4q" B 6plq° B 3pq

(6q)_1p*7 - 6*1q*1p*7 - 23p6 8 4

Don’t try to do use too many properties all at once. Sometimes it is very easy to use too
many properties all in one step and make a mistake. There’s nothing wrong with using only
a single property or two with each step.
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Chapter 1 : Preliminaries Section 1.1 : Integer Exponents

9. Simplify the following expression and write the answer with only positive exponents.
22y~ 13 —4
(i)

There is not really a whole lot to this problem. All we need to do is use the properties from
this section to do the simplification.

z2y_1:c_3 —4_ 228 —4_ 25 —4_ Z4y5 4_ Z16y20
28264 - 2326y1yd - ZAy5 o\ 8 - 220

In this case since there was a fair amount of simplification that could be done on the frac-
tion inside the parenthesis so we decided to do that simplification prior to dealing with the
exponent on the parenthesis.
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Chapter 1 : Preliminaries Section 1.2 : Rational Exponents

1.2 Rational Exponents

1. Evaluate the following expression and write the answer as a single number without exponents.

362

Hint

Recall that b is really asking what number did we raise to the n to get b. Or in other words,

b =7 is equivalentto 7" =1

For this problem we know that 62 = 36 and so we also know that,

{2

Note that if you aren’t sure of the answer to these kinds of problems all you really need to
dois set up

NI

36

72 = 36

and start trying integers until you get the one you need.

2. Evaluate the following expression and write the answer as a single number without exponents.

(—125)3

Hint

Recall that b= is really asking what number did we raise to the n to get b. Or in other words,

b =? is equivalentto 7" =1b

For this problem we know that 5% = 125. Therefore, we also know that (—5)* = —125 and

so we further know that,

Note that if you aren’t sure of the answer to these kinds of problems all you really need to
do is set up
7 =-125

and start trying integers until you get the one you need. We also know that because the
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result is a negative number we had to have a negative number to start off with since we
can’t turn a positive number into a negative number simply by raising it to an integer.

3. Evaluate the following expression and write the answer as a single number without exponents.

3
—162

Hint

Don’t forget your basic exponent rules and how the first two practice problems worked. Also,
be careful with minus signs in this problem.

First, let’'s write the problem as,
- (16%)
so we aren’t tempted to bring the minus sign into the exponent.

Now, let’s recall our basic exponent rules and note that we can easily write this as,

~(16%) = - ((16%)3>

Now, recalling how the first two practice problems worked we can see that,
1
162 =4
because 4% = 16.

Therefore,

~16% = - (163) = - ((165>3> =~ (@) = - (60 =| -6

Sometimes the easiest way to do these kinds of problems when you first run into them is
to break them up into manageable steps as we did here.

4. Evaluate the following expression and write the answer as a single number without exponents.

2773
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Hint

Don’t forget your basic exponent rules and how the first two practice problems worked.

Let’s first recall our basic exponent rules and note that we can easily write this as,

207§ — -

Now, recalling how the first two practice problems worked we can see that,

1
273 =3
because 3% = 27.
Therefore,
_5 1 1 1 1
= oY (37 | 243
)

Sometimes the easiest way to do these kinds of problems when you first run into them is
to break them up into manageable steps as we did here.

5. Evaluate the following expression and write the answer as a single number without exponents.
9\ 2
(3)

Don’t forget your basic exponent rules and how the first two practice problems worked.

Hint

Let’s first recall our basic exponent rules and note that we can easily write this as,
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Now, recalling how the first two practice problems worked we can see that,

N|=

93 =3 47 =92

Therefore,

7 N\
| ©
N—
VY]
Il
W~ ‘@
= D=
I
| W

6. Evaluate the following expression and write the answer as a single number without exponents.
8\
343

Don’t forget your basic exponent rules and how the first two practice problems worked.

win

Hint

Let’s first recall our basic exponent rules and note that we can easily write this as,

1\ 2
()" - () - B

343 8 -

G

Now, recalling how the first two practice problems worked we can see that,

3435 = 7 83 = 9

Therefore,
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7. Simplify the following expression and write the answer with only positive exponents.

(1)

There isn’t really a lot to do here other than to use the exponent properties from the previous
section to do the simplification.

8. Simplify the following expression and write the answer with only positive exponents.

NI
8
il

X

There isn’t really a lot to do here other than to use the exponent properties from the previous
section to do the simplification.

8
e

8
ut|=
I

8
=
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9. Simplify the following expression and write the answer with only positive exponents.
3
qfé p

There isn’t really a lot to do here other than to use the exponent properties from the previous
section to do the simplification.

/
< |,
colm %l
@ l\ﬂ)—\
~—
e
Il
7
s>
i %\H
~—
~leo
Il
N
e (=)
m\w‘ W‘S
~—
|
Il
RO
Ele| ~ls

There isn’t really a lot to do here other than to use the exponent properties from the previous
section to do the simplification.

7 N
3I zl
NEN{ OO
N~
ol
Il
7 N
3 |3
W] o=
3
wl- %ﬂ
N~
|
D=
Il
N
3 ‘ 3
[l IS
N~~~
|
[
Il
N
N———
o=
Il
3
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1.3 Radicals

1. Write the following expression in exponential form.

\7/@

All this problem is asking us to do is basically use the definition of the radical notation and
write this in exponential form instead of radical form.

ﬂ
=

2. Write the following expression in exponential form.

3
x2

All this problem is asking us to do is basically use the definition of the radical notation and
write this in exponential form instead of radical form.

(a)3

3. Write the following expression in exponential form.

Vab

All this problem is asking us to do is basically use the definition of the radical notation and
write this in exponential form instead of radical form.

o=

(ab)

Be careful with parenthesis here! Recall that the only thing that gets the exponent is the
term immediately to the left of the exponent. So, if we’d dropped parenthesis we’d get,

abé:a<bé>:a%

which is most definitely not what we started with. The only way to make sure that we
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understand that both the a and the b were under the radical is to use parenthesis as we did
above.

4. Write the following expression in exponential form.

w2y3

All this problem is asking us to do is basically use the definition of the radical notation and
write this in exponential form instead of radical form.

D=

(u?e?)

Recall that when no index is written on the radical it is assumed to be 2.

Also, be careful with parenthesis here! Recall that the only thing that gets the exponent is
the term immediately to the left of the exponent and so we need parenthesis on the whole
thing to make sure that we understand that both terms were under the root.

5. Evaluate : v/81

Hint

Recall that the easiest way to evaluate radicals is to convert to exponential form and then
also recall that we evaluated exponential forms in the Rational Exponent section.

All we need to do here is to convert this to exponential form and then recall that we learned
how to evaluate the exponential form in the Rational Exponent section.

V31 =817 =| 3 | because 34 =381

6. Evaluate : /—512

Hint

Recall that the easiest way to evaluate radicals is to convert to exponential form and then
also recall that we evaluated exponential forms in the Rational Exponent section.
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All we need to do here is to convert this to exponential form and then recall that we learned
how to evaluate the exponential form in the Rational Exponent section.

V512 = (—512)% = because (—8)% = =512

7. Evaluate : /1000

Hint

Recall that the easiest way to evaluate radicals is to convert to exponential form and then
also recall that we evaluated exponential forms in the Rational Exponent section.

All we need to do here is to convert this to exponential form and then recall that we learned
how to evaluate the exponential form in the Rational Exponent section.

V1000 = 10003 = 10 I because 10 = 1000
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8. Simplify the following expression. Assume that «x is positive.

3
8

Recall that by simplify we mean we want to put the expression in simplified radical form
(which we defined in the notes for this section).

To do this for this expression we’ll need to write the radicand as,

2® =252 = (22)’2?

Now that we’'ve gotten the radicand rewritten it's easy to deal with the radical and get the
expression in simplified radical form.

Vb = {’/(1‘2)31‘2 = {’/(12)3\%? :| 2% Va2

S

9. Simplify the following expression. Assume that y is positive.

8y3

Recall that by simplify we mean we want to put the expression in simplified radical form
(which we defined in the notes for this section).

To do this for this expression we’ll need to write the radicand as,

8y® = (49%) (2y)

|

Now that we've gotten the radicand rewritten it's easy to deal with the radical and get the
expression in simplified radical form.

VY3 =V (4y?) 2y) = VAR V2y =| 2y /2y

-~
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10. Simplify the following expression. Assume that x, y and z are positive.

d x7y20211

Recall that by simplify we mean we want to put the expression in simplified radical form
(which we defined in the notes for this section).

To do this for this expression we’ll need to write the radicand as,

2Ty20,11 = 4y20,8,3,3 x4(y5)4(z2)4x3z3

Now that we've gotten the radicand rewritten it's easy to deal with the radical and get the
expression in simplified radical form.

VaTy20211 = </x4(y5)4(z2)4:c323 = /22 (19) (22)! V3B =| zy®2? Vadss

11. Simplify the following expression. Assume that x, y and z are positive.

/540y 22

Recall that by simplify we mean we want to put the expression in simplified radical form
(which we defined in the notes for this section).

To do this for this expression we’ll need to write the radicand as,

54x6y722 _ (27$6y6) (2y122) _ 33(332)3@2)3 (2yz2)
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Now that we’'ve gotten the radicand rewritten it's easy to deal with the radical and get the
expression in simplified radical form.

/54xby722 = \/33 22)3(y2)? (2y22) = \/33 22)? Y/2yz? = [ 322y ¥/ 2y22

12. Simplify the following expression. Assume that z, y and z are positive.

V/4a3y V/8x2y325

Remember that when we have a product of two radicals with the same index in an expres-
sion we first need to combine them into one root before we start the simplification process.

VAa3y v/8x2y325 = v/ (4x3y) (822432°) = V3259425

Now that the expression has been written as a single radical we can proceed as we did in \

the earlier problems.

The radicand can be written as,

32259125 = (24:E4y4z4) (2zz)

Now that we’ve gotten the radicand rewritten it's easy to deal with the radical and get the
expression in simplified radical form.

Vaxdy V/8x2y325 = V/3205y425 = /24atytt V2xz =|  2ayz V22
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13. Multiply the following expression. Assume that z is positive.

Vi (4-3V3)

All we need to do here is do the multiplication so here is that.

VI (4—3yz) = 4va — 3z (V) = 4vx —3Va2 =| 4y -3z ]

Don’t forget to simplify any resulting roots that can be. That is an often missed part of these
problems.

14. Multiply the following expression. Assume that z is positive.

(2vz+1) (3 —4V/x)

All we need to do here is do the multiplication so here is that.

(2v@ +1) (3 - 4vz) = 6V2—8Vx (Va)+3—4yz = 3+2V/z—8Va?2 = [ 342z — 8z

Don’t forget to simplify any resulting roots that can be. That is an often missed part of these
problems.

15. Multiply the following expression. Assume that x is positive.

(\3/5+2 \‘”’/ﬁ) (4—{"/3?2)

All we need to do here is do the multiplication so here is that.
(Va+2 Va2) (4- Vo) =aa — Yo Va2 48 Va2 Va2 Vi
— 4T - VB8 Va2 Yt
=4z — Va3 +8 Va2 —2 Va3 Iz

=| 4¥zr—2+8Va2-22 ¥z

Don’t forget to simplify any resulting roots that can be. That is an often missed part of these
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problems and when dealing with roots other than square roots there can be quite a bit of
work in the simplification process as we saw with this problem.

16. Rationalize the denominator. Assume that x is positive.

Sl

For this problem we need to multiply the numerator and denominator by /z in order to
rationalize the denominator.

6 6T 6/z 6/
VT Vrr e? x

©

For this problem we need to multiply the numerator and denominator by ¢ (231:)2 in order
to rationalize the denominator.

9 9 @) 9y 9{/(22) 9 /122
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18. Rationalize the denominator. Assume that x and y are positive.

4

NZEEN,

For this problem we need to multiply the numerator and denominator by \/z — 2,/y in order
to rationalize the denominator.

4 4 Jr—2y 4(Vz —2y) 4z —8\/y

VE+RE T VER2iVE =25 (Va+2yh) (V- 2v0) vy

19. Rationalize the denominator. Assume that « is positive.

10
3-5vz

For this problem we need to multiply the numerator and denominator by 3 + 5./z in order
to rationalize the denominator.

10 10 3+5yx  103+5yx) | 30450y
3—-5yr 3-5y23+5/ (3-5V2)(3+5yx) 9 — 252
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1.4 Polynomials

1. Perform the indicated operation and identify the degree of the result.

Add 423 — 222 + 1to 722 + 12z

Here is the operation we’re being asked to perform.
(42° — 22 + 1) + (72* + 122)

Note that the parenthesis are only there to illustrate how each polynomial is being used in
the indicated operation and are not needed (or used) in general.

Here’s the result of the operation.

(42 — 227 + 1) + (T2® + 122) =| 42® 4527 + 122 + 1 ]

Remember the degree of a polynomial is just the largest exponent in the polynomial and
so the degree of the result of this operation is three.

2. Perform the indicated operation and identify the degree of the result.

Subtract 426 — 322 + 22 from —102% + 722 — 8

Here is the operation we’re being asked to perform.

—1025 + 722 -8 — (4z6 — 322+ 22)

Be careful with the order here!l We are subtracting the first polynomial from the second
and that implies the order we’ve got here. Also be careful with the parenthesis on the
second polynomial. We are subtracting the whole polynomial and so we need to have the
parenthesis to do that.
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Here’s the result of the operation.
—1025 + 722 — 8 — (425 — 322 4+ 22) = —102° + 727 — 8 — 425 + 322 — 22
:[ —142° 41022 =22 — 8
O]

emember the degree of a polynomial is just the largest exponent in the polynomial and s
the degree of the result of this operation is six.

3. Perform the indicated operation and identify the degree of the result.

Subtract —322 + 7z + 8 from z* + 723 — 122 — 1

Here is the operation we’re being asked to perform.

ot + 72% — 120 — 1 — (=327 + Tz + 8)

Be careful with the order here! We are subtracting the first polynomial from the second
and that implies the order we've got here. Also be careful with the parenthesis on the
second polynomial. We are subtracting the whole polynomial and so we need to have the
parenthesis to do that.

Here’s the result of the operation.

:L'4—|—7:L’3—12x—1—(—3:v2+7:v+8):m4+7x3—12x—1+3:p2—7:p—8

=| 24734322 -192—-9

Remember the degree of a polynomial is just the largest exponent in the polynomial and
so the degree of the result of this operation is four.

-~

4. Perform the indicated operation and identify the degree of the result.

12y (3y* — 7y* + 1)
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All we need to do is multiply the 12 y through the second polynomial. Here is the result of
doing that.

12y (3y* — 7y* +1) = [ 36y° — 8413 + 12y

-~

Remember the degree of a polynomial is just the largest exponent in the polynomial and
so the degree of the result of this operation is five.

-~

5. Perform the indicated operation and identify the degree of the result.

3z +1) (2 — 92

All we need to do is foil out the two polynomials. Here is the result of doing that.

(Bz+1)(2—92%) =| 2+ 62— 92* — 272°

-~

Remember the degree of a polynomial is just the largest exponent in the polynomial and
so the degree of the result of this operation is three.

-~
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6. Perform the indicated operation and identify the degree of the result.

(w2 + 2) (3w2 + w)

All we need to do is foil out the two polynomials. Here is the result of doing that.

(w2 + 2) (3w2 + w) = 3wt + w3 + 6w? + 2w

-~

Remember the degree of a polynomial is just the largest exponent in the polynomial and
so the degree of the result of this operation is four.

-~

7. Perform the indicated operation and identify the degree of the result.

(4x6 — Sx) (4x6 + Sx)

All we need to do is foil out the two polynomials. Here is the result of doing that.

(42° — 3z) (42° + 32) =| 162" — 92°

-

Remember the degree of a polynomial is just the largest exponent in the polynomial and
so the degree of the result of this operation is twelve.

-~

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions -25-



Chapter 1 : Preliminaries Section 1.4 : Polynomials

8. Perform the indicated operation and identify the degree of the result.

3(10 — 4y?)?

Remember that this is just another way of writing,

3(10 — 4y®)” = 3 (10 — 43%) (10 — 43?)

Now all we need to do is foil out the two polynomials. Here is the result of doing that.

3(10 — y®)? = 3 (10 — 4%) (10 — ) = 3 (100 — 80y® + 16y°) = | 300 — 240y + 48y

Be careful with dealing with the three! Make sure you take care of the exponent first (i.e.
make sure you multiply out the product first) before you multiply the three through the result.

Remember the degree of a polynomial is just the largest exponent in the polynomial and
so the degree of the result of this operation is six.

9. Perform the indicated operation and identify the degree of the result.

(x2+m—2) (3:32—81:—7)

Remember that the foil method only works for binomials and these are both trinomials (i.e.
they each have three terms).

So, all we need to do is multiply each term in the second polynomial by each term in the
first polynomial. Here is the result of doing that.

(22 + 2 —2) (32° — 82 — 7) = 32" — 82 — T2 + 32 — 82 — Tz — 627 + 162 + 14

=| 32*—523—-2122+92x+ 14
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Remember the degree of a polynomial is just the largest exponent in the polynomial and
so the degree of the result of this operation is four.

10. Perform the indicated operation and identify the degree of the result.

Subtract 3(z? + 1)2 from 623 — 922 — 132 — 4

Here is the operation we’re being asked to perform.

62 — 922 — 13z — 4 — 3(2% + 1)
Now, before we actually do the subtraction we need to actually multiply out the second term
before we do the subtraction. Here are the results of all these operations.

62° — 927 — 13z — 4 — 3(2? +1)° = 62° — 92° — 132 — 4 — 3 (2* + 227 + 1)
=62° —92° — 132 — 4 — 32" — 62> — 3

:[ —3z + 623 — 1522 — 132 -7 ]

Remember the degree of a polynomial is just the largest exponent in the polynomial and
so the degree of the result of this operation is four.
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1.5 Factoring Polynomials

1. Factor out the greatest common factor from the following polynomial.

627 + 3z* — 923

factor a 3 and an 22 out of each term and so the greatest common factor is 323 .

Okay, now let’s do the factoring.
627 + 3zt — 9z3 :[ 323 (2.7}4—1—33‘—3) ]
Don’t forget to also identify any numbers in the greatest common factor as well. That can

The first step is to identify the greatest common factor. In this case it looks like we can |

often greatly simplify the problem for later work (when we have later work for the problem
anyway....).

2. Factor out the greatest common factor from the following polynomial.

a’b® — 7a'°v* + 2a°b?

The first step is to identify the greatest common factor. In this case it looks like we can
factor an ¢ and a b? out of each term and so the greatest common factor is a3b? .

Okay, now let’s do the factoring.

a®b® — 70" + 2a°0* = [ a’b? (b9 — 7a"b* + 2a%)

3. Factor out the greatest common factor from the following polynomial.

2z (2? +1)° - 16(2* + 1)°
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a2andan (z* + 1)3 out of each term and so the greatest common factor is 2 (2% + 1)3 .

Okay, now let’s do the factoring.
2 3 2 5 2 3 2 2
20(2? +1)" = 16(2* +1)" =| 2(a?+1)° (v~ 8(a? +1)°)
Don’t get excited if the greatest common factor has more “complicated” terms in it as this

The first step is to identify the greatest common factor. In this case it looks like we can factor |

one did. The greatest common factor won’t always be just variables to powers.

4. Factor out the greatest common factor from the following polynomial.

2% (2 — 62) + 4z (4 — 127)

The first step is to identify the greatest common factor and in this case we’ll need to be
a little careful. If we just do a quick glance we might be tempted to just say the greatest
common factor is just z since there is clearly an z in both terms.

However, notice that we can factor a 2 out of the 4 — 12z in the second term to get,

2% (2 — 62) + 4z (4 — 122) = 2% (2 — 62) + 82 (2 — 62)

Upon doing this we see that not only do we have an x in both terms we also have a 2 — 6z
in both terms and so the greatest common factor in this case is = (2 — 6x) .

Okay, now let’s do the factoring.

22 (2 — 62) +4x (4 —122) = 2% (2 —62) + 82 (2 — 62) =| (2 —62) (x +8)

Sometimes we need to do a little “pre factoring” work on a polynomial in order to determine
just what the greatest common factor is. It won’t happen often, but it does need to be done
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Loften enough that we can’t forget about it. J

5. Factor the following polynomial by grouping.

Tr+ 723 + ot 4 28

The first step here is to group the first two term and the last two terms as follows. ]

(72: + 7x3) + (x4 + mﬁ)

second grouping. Doing this gives,

We can now see that we can factor a 7 « out of the first grouping and an z* out of the
7o+ 72% + 2t + 28 = 7o (1 +27) + 2* (1 + 2?)

Finally, we see that we can factor an z (1 + z?) out of both of the new terms to get,
T+ 72% +at + 28 =z (1+2?) (7T+2%)
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6. Factor the following polynomial by grouping.

187 + 33 — 62* — 1123

The first step here is to group the first two term and the last two terms as follows.
(18z + 33) — (62 + 112°)
Be careful with the last grouping. Because both of the terms were negative we needed to

factor out an “-” as we did the grouping.

grouping. Doing this gives,

We can now see that we can factor a 3 out of the first grouping and an 23 out of the second
18z + 33 — 62" — 112® = 3 (62 + 11) — 23 (62 + 11)

Finally, we see that we can factor a 6 + 11 out of both of the new terms to get,
18z + 33 — 6% — 112 =| (62 +11) (3 —2?)
7. Factor the following polynomial.
22 —2r —8
The initial form for the factoring will be,
(x+_)(x+_)
and the factors of -8 are,
e @OE8) (=2)@) (2)(-49)
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Now, recalling that we need the pair of factors from the above list that will add to get -2.
So, we can see that the correct factoring will then be,

x2—2x—8:[ (x—4)(x+2) ]

8. Factor the following polynomial.
22— 10z + 21

The initial form for the factoring will be,
(z+_)(z+_)
and the factors of 21 are,
(=D (=21) (1)1 (=3)(=7) )

Now, recalling that we need the pair of factors from the above list that will add to get -10.
So, we can see that the correct factoring will then be,

22-10z421=| (z=3)(z-17)

9. Factor the following polynomial.
y? + 16y + 60

The initial form for the factoring will be,
(y+ _)y+_)
and the factors of 60 are,
(=1)(=60) (=2)(=30) (=3)(=20) (=4)(-15) (=5)(=12) (-6)
(1) (60) (2) (30) (3) (20) (4) (15) (5) (12) (6)

Sometimes there are a lot of factors that we need to deal with. As you get more practice
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you will start to be able to do most of this in your head and won’t need to actually write all
of the factors down.

—

Now, recalling that we need the pair of factors from the above list that will add to get 16.
So, we can see that the correct factoring will then be,

Y2 +16y+60=| (y+6)(y—+10)

-~

10. Factor the following polynomial.
502 4+ 14z — 3

There are only two positive factors of 5 so the initial form for the factoring will be,
Br+_)(z+_)

and the factors of -3 are,

After some trial and error we see that the correct factoring will then be,

522 +14x —3=| (5z—1)(xz+3)

|
—_
~—
—
w
S~—
—~
—
~—

|
w
~—

11. Factor the following polynomial.

6% — 19t — 7
There are two sets of positive factors of 6 and so we will have one of the two following
possible initial forms for the factoring.
(2t+_)Bt+_) 6t+_)(t+_)
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and the factors of -7 are,

After some trial and error we see that the correct factoring will then be,

6t2—19t—7:[ (2t —7) (3t + 1)

-~

12. Factor the following polynomial.
42% +192 + 12

There are two sets of positive factors of 4 and so we will have one of the two following
possible initial forms for the factoring.

(2z+_ )22+ _) dz+_)(z+_)
and the factors of 12 are,

=D (=12)  (=2)(=6) (3)(=4) (1H(A2)  (2)(6) (3) (4)

-~

After some trial and error we see that the correct factoring will then be,

4224192 +12=| (4z+3)(2+4) ]

S

13. Factor the following polynomial.
2% + 14z + 49

We can do this in the manner of the previous problems if we wanted to. On the other hand
we can notice that the constant is a perfect square and that 2 (7) = 14 and so we can see
that this is one of the special forms.

—_—
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Therefore, the factoring of this polynomial is,

2?4+ 14r+49=| (z+7)

Note that while you don’t need necessarily need to know the special forms if you do and
can easily recognize them it will make the factoring easier.

14. Factor the following polynomial.
4w? — 25

We can do this in the manner of the previous problems if we wanted to. On the other hand
we can notice that we have a difference of perfect squares and so this is one of the special
forms.

Therefore, the factoring of this polynomial is,

4w2—25:[ (2w — 5) (2w + 5) ]

Note that while you don’t need necessarily need to know the special forms if you do and
can easily recognize them it will make the factoring easier.

15. Factor the following polynomial.
81z% — 36z + 4

We can do this in the manner of the previous problems if we wanted to. On the other hand
we can notice that the constant is a perfect square and the coefficient of the z? is also a
perfect square. We can also notice that that 2 (9) (2) = 36 and so we can see that this is
one of the special forms.

Therefore, the factoring of this polynomial is,

81:02—3693—1—4:[ (9 — 2)* ]

Note that while you don’t need necessarily need to know the special forms if you do and
can easily recognize them it will make the factoring easier.
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16. Factor the following polynomial.
20 4+ 323 — 4

Don'’t let the fact that this polynomial is not quadratic worry you. Just because it's not a
quadratic polynomial doesn’t mean that we can’t factor it.

For this polynomial we can see that (:):3)2 = 25 and so it looks like we can factor this into
the form,

(> + ) (2*+_)

At this point all we need to do is proceed as we did with the quadratics we were factoring
above.

After writing down the factors of -4 we can see that we need to have the following factoring.
2% +32° —4 = (2° +4) (2* - 1)

Now, we need to be careful here. Sometimes these will have further factoring we can do.
In this case we can see that the second factor is a difference of perfect cubes and we have
a formula for factoring a difference of perfect cubes.

Therefore, the factoring of this polynomial is,

2% +32° —4=(2° +4) (z* - 1) :[ (z° +4) (z—1) (2® + 2 + 1) ]

17. Factor the following polynomial.
325 —172% — 2823

Don'’t let the fact that this polynomial is not quadratic worry you. Just because it's not a
quadratic polynomial doesn’t mean that we can'’t factor it.

For this polynomial note that we can factor a 23 out of each term to get,

32° — 1724 — 282% = 23 (322 — 172 — 28)

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions -36-



Chapter 1 : Preliminaries Section 1.5 : Factoring Polynomials

Now, notice that the second factor is a quadratic and we know how to factor these. So, it
looks like the form of the factoring should be,

32° — 1724 — 2823 =22 (324 ) (2 +_)

Finally, once we write down the factors of the -28 we can see that the factoring of this
polynomial is,

322 — 1724 - 2823 = 2 (324+4)(2-7)
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18. Factor the following polynomial.
221 — 51225

For this polynomial note that we can factor a 22% out of each term to get,

Don’t let the fact that this polynomial is not quadratic worry you. Just because it's not a
quadratic polynomial doesn’t mean that we can'’t factor it.
2214 — 51226 = 225 (2® — 256)

factor this as,

Now, notice that the second factor is a difference of perfect squares and so we can further
20 — 5122° = 22° (2 4 16) (2" — 16)

can also be factored. After doing that the factoring of this polynomial is,

20 — 51225 = 22° (2! 4 16) (2% + 4) (2 — 4)

Finally, we can see that we can do one more factoring on the last factor.
20 — 51220 = 22° (2 +16) (2” +4) (2 +2) (z — 2)
Do not get too excited about polynomials that have lots of factoring in them. They will

Next, we can see that the third term is once again a difference of perfect squares and so |

happen on occasion so don’t worry about it when they do.
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1.6 Rational Expressions

1. Reduce the following rational expression to lowest terms.

2 —6x—T
22 — 10z + 21

First, we need to factor the numerator and denominator as much as we can. Doing that
gives,

2 —6x—-7  (z-T)(z+1)

22— 10z +21  (z—17)(z —3)

Now all we need to do is cancel all the factors that we can in order to reduce the rational
expression to lowest terms.

2 —6x—17 B x+1
22—-10z+21 | =z-3

2. Reduce the following rational expression to lowest terms.

22 +6x+9
2 -9

First, we need to factor the numerator and denominator as much as we can. Doing that
gives,
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Now all we need to do is cancel all the factors that we can in order to reduce the rational
expression to lowest terms.

3. Reduce the following rational expression to lowest terms.

22 —x — 28
20—z — x2

First, we need to factor the numerator and denominator as much as we can. Doing that
gives,
202 —x—28 227 —x—28  (22+47)(z—4)

20—r—22 —(224+2-20) —(x+5)(z—4)

Notice that in order to make factoring the denominator somewhat easier we first factored
a minus sign out of the denominator.

Now all we need to do is cancel all the factors that we can in order to reduce the rational
expression to lowest terms.

20 —x —28 2x 47
20 —x — 22 x+5

Recall that the minus sign in the denominator can be put out in front of the rational expres-
sion if we choose to put it there (as we did here).
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4. Perform the indicated operation in the following expression and reduce the answer to lowest
terms.

22 4+5x—24 2?+4x+4
24+ 6x+8 x2 — 3z

So, we first need to factor each of the polynomials as much as possible.

(z+8)(z—3) (z+27% (z+8) (z+2)

(z+4)(z+2) z(x—3) (x+4) x

Finally, just multiply the two terms together. Doing this gives,

2?4+ 5x—-24 *+4x+4 | (z+8)(z+2)
2+ 62+ 8 2 -3z z(x+4)

-~

5. Perform the indicated operation in the following expression and reduce the answer to lowest

terms.
22 —49 2?1 —42

202 -3z -5 22+ T7xr+6

So, we first need to do is convert this into a product.

2 —49 2 —x-42 2”49 x? + 7z + 6
202 —3x—5 22+ Tr+6 222 -3x—-5 221 —42

Make sure that you don’t do the factoring and canceling until you’'ve converted the division
to a product.

I

Now we can factor each of the terms as much as possible to get,

?—49 2 —z-42 (z-T7)(z4+7) (z+1)(z+6)
202 =3z —5 2247 +6 (22-5)(z+1) (z—7)(z+6)

S
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Finally cancel as much as possible to reduce to lowest terms and do the product.

2?—49 2Pz -—42 x4+ 7
202 —3x—5  a2+Trxr+6 | 20-5

-~

6. Perform the indicated operation in the following expression and reduce the answer to lowest

terms.
2?2 -2z -8 2% — 97+ 20

222 —8r —24 22— 11z + 30

So, we first need to do is convert this into a product.

22 —2r—8 2% —9z+20 r?—2x—8 2% —1lz+30

222 —8x —24 22— 11z +30 222 —8x—24 22— 9z + 20

Make sure that you don’t do the factoring and canceling until you’ve converted the division
to a product.

Now we can factor each of the terms as much as possible to get,

22 —20-8  2?—92+20 (z—4)(z+2) (z—5)(z—6)
202 —8x—24 22— 112430 2(z+2)(z—6) (x—5)(z—4)

Finally cancel as much as possible to reduce to lowest terms and do the product.

r?—2rx -8  22—92+20 1

202 —8x —24 22— 11x+30 | 2

Don’'t worry if all the variables end up cancelling out after you are done reducing to lowest
terms. It will happen on occasion so don’t worry about it when it does.

7. Perform the indicated operation in the following expression and reduce the answer to lowest
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terms.

3

T+ 1
z+4

2+ 11z + 10

This is just a division and so let’s first convert it to a product.

3
T+ 1 3 2?4+ 11z 4 10
r+4 o+ x+4
22+ 11z + 10

Now we can factor each of the second term as much as possible to get,

3
z+1 _ 3 (z+1)(z+10)
r+4 x4+ x+4
2+ 11z + 10

Now cancel as much as possible to reduce to lowest terms and do the product.

3
r+1 _ 3 (z 4+ 10)
r+4 o z+4
224+ 11z 4+ 10
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8. Perform the indicated operation in the following expression.

3 + x
r—4 2x+7

We first need the least common denominator for this rational expression.

lcd : (z —4) (22 + 7)

Now multiply each term by an appropriate quantity to get the least common denominator |

into the denominator of each term.

3 LT 3(2z+7) x(r—4)
r—4 204+7 (2—4)Q2x+7)  (224+7)(x—4)

9. Perform the indicated operation in the following expression.

2 1 n 2
322 94 414

We first need the least common denominator for this rational expression.

All we need to do now is do the addition and simplify the numerator of the result.

3 4+ 3@z +T)+a(x—4) 6r+21+a2?—4z x? 4 2z + 21

r—4 2047 (z2—-4)2z+7) @ (2-4)2z+7) | (z—-4)2z+7)

led @ 92 (z 4 4) ]
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Now multiply each term by an appropriate quantity to get the least common denominator
into the denominator of each term.
2 1 2 _ 2 (322) (z +4) 1(z+4) N 2 (92%)
322 924 x4+4 322(322) (z+4) 9t (z+4)  (z+4)(92Y)

-~

All we need to do now is do the subtraction and addition then simplify the numerator of the
result.

2 1 2 62 +24a? — (z +4) + 1827 18z% + 623 + 242% — 2 — 4

32 0t T otd 924 (z + 4) - 924 (z + 4)

N

10. Perform the indicated operation in the following expression.

T _:L'—8
224+1224+36 x+6

We first need the least common denominator for this rational expression. However, before

we get that we’ll need to factor the denominator of the first term. Doing this gives,
T T 8 T T 8

22 +122+36 x+6 (462 46

—

The least common denominator is then,

lcd : (2 + 6)?

Remember that we only take the highest power on each term in the denominator when
setting up the least common denominator.

-~
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Next, multiply each term by an appropriate quantity to get the least common denominator
into the denominator of each term.

x z—=8 oz (z—-8)(z+6)
2?2 +122+36 z+6 (z+6)2 (z+6)(z+6)

-~

Finally, all we need to do is the subtraction and simplify the numerator of the result.

x r—8 x—(r—38)(x+6) z — (2% — 2z — 48) 48 + 3z — 22

224120 +36 x+6 (z +6) (z +6)° a (z +6)°

.

11. Perform the indicated operation in the following expression.

1 +l‘+1 x2
2 —-13z4+42 -6 z-—7

We first need the least common denominator for this rational expression. However, before
we get that we’ll need to factor the denominator of the first term. Doing this gives,

1 z+1 22 1 z+1 22

2132442 " 7—6 x—7_(x—6)(x—7)+x—6 r—7

-~

The least common denominator is then,

led: (z —6)(x—7)

Remember that we only take the highest power on each term in the denominator when
setting up the least common denominator.

-~
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into the denominator of each term.

1 r+1  2? 1 (x+1)(z—7) 22 (z — 6)
2130442 " 1—6 z-7_ (x—6)(x—7) (x—6)(z—7) (x—7)(z—6)

Next, multiply each term by an appropriate quantity to get the least common denominator |

_ 1+a?—6x—7— a1’ + 627 234+ T2 — 62 —6

(x—6)(x—17) N (x—6)(x—17)

Finally, all we need to do is the addition and subtraction then simplify the numerator of the
result.

1 +a:+1_ 22 1+ (x+1)(z—7)—2?(z—6)
213z +42 -6 -7 (x —6)(x—17)

12. Perform the indicated operation in the following expression.
xz+ 10 n T
3z +8)°  (3z+8)°

We first need the least common denominator for this rational expression.
lcd : (32 + 8)°
Remember that we only take the highest power on each term in the denominator when

setting up the least common denominator.

into the denominator of each term.

x4+ 10 x x + 10 x (3x + 8)

Now multiply each term by an appropriate quantity to get the least common denominator
+ =
Bz +8)°  (3z+8)?% (Bz+8)° (3x+8)*(3z+8)
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All we need to do now is do the addition and simplify the numerator of the result.

x4+ 10 x x4+ 10 + 322 + 8z 322+ 92 + 10

(3z + 8)* - (3z+8)>  (3z+8)° (3z + 8)°
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1.7 Complex Numbers

1. Perform the indicated operation and write your answer in standard form.

(4 — 5i) (12 + 114)

Hint

You know how to do the operation with polynomials so you can do the operation here! Just
recall that you need to be careful to deal with any i <sup>2</sup> that might happen to show
up in the process.

We know how to multiply two polynomials and so we also know how to multiply two complex
numbers. All we need to do is “foil” the two complex numbers to get,

(4 — 5i) (12 + 114) = 48 + 44i — 60i — 55> = 48 — 167 — 557>

All we need to do to finish the problem is to recall that i = —1. Upon using this fact we
can finish the problem.

(4 —53) (12 + 117) =48 — 166 — 55 (—1) = 103 — 16¢ }

2. Perform the indicated operation and write your answer in standard form.

(=3 —d) — (6 — 74)

Hint

You know how to do the operation with polynomials so you can do the operation here!

We know how to subtract two polynomials and so we also know how to subtract two complex

numbers.
R I
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3. Perform the indicated operation and write your answer in standard form.

(1 + 4i) — (=16 + 94)

Hint

You know how to do the operation with polynomials so you can do the operation here!

We know how to subtract two polynomials and so we also know how to subtract two complex
numbers.

(1+4i) —(-16+9i) =1+4i+16—9i = 17— 51

4. Perform the indicated operation and write your answer in standard form.

8i (10 + 27)

Hint

You know how to do the operation with polynomials so you can do the operation here! Just
recall that you need to be careful to deal with any % that might happen to show up in the
process.

We know how to multiply two polynomials and so we also know how to multiply two complex
numbers. All we need to do is distribute the 8 i to get,

8i (10 4 2i) = 80i + 164>

All we need to do to finish the problem is to recall that i> = —1. Upon using this fact we
can finish the problem.

8i (10 + 2i) = 80i + 16 (—1) =| —16 + 80i
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5. Perform the indicated operation and write your answer in standard form.

(—3 — 9i) (1 + 104)

Hint

You know how to do the operation with polynomials so you can do the operation here! Just
recall that you need to be careful to deal with any 2 that might happen to show up in the
process.

We know how to multiply two polynomials and so we also know how to multiply two complex
numbers. All we need to do is “foil” the two complex numbers to get,

(=3 —9i) (1 + 10i) = —3 — 30i — 9i — 90i?

All we need to do to finish the problem is to recall that i> = —1. Upon using this fact we
can finish the problem.

(=3 —9i) (14 10i) = —3 —30i — 9i — 90 (—1) =| 87 —39i |

6. Perform the indicated operation and write your answer in standard form.

(2 + 7i) (8 + 30)

Hint

You know how to do the operation with polynomials so you can do the operation here! Just
recall that you need to be careful to deal with any ;2 that might happen to show up in the
process.

We know how to multiply two polynomials and so we also know how to multiply two complex
numbers. All we need to do is “foil” the two complex numbers to get,

(2 + 7i) (8 4 3i) = 16 + 6i + 567 + 214>

All we need to do to finish the problem is to recall that i> = —1. Upon using this fact we
can finish the problem.

(2+7i) (8+3i) = 16 + 6i +56i + 21 (—1) =| —5 + 62
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7. Perform the indicated operation and write your answer in standard form.

7T—1
2+ 10¢

Hint

Recall that standard form does not allow any i’s in the denominator.

Because standard form does not allow for i’s to be in the denominator we’ll need to multiply
the numerator and denominator by the conjugate of the denominator, which is 2 — 10s.

Multiplying by the conjugate gives,

T—i 2-10i  (7—1i)(2—10i)
2410i 2—10i (24 10i) (2 — 104)

Now all we need to do is do the multiplication in the numerator and denominator and put
the result in standard form.

2110i  4-1002 104 104 104"~

T—i  14—-72i410 4-72 4 T2 [ 19 ]
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8. Perform the indicated operation and write your answer in standard form.

1+ 54
-31

Hint

Recall that standard form does not allow any i’s in the denominator.

Because standard form does not allow for i’s to be in the denominator we’ll need to multiply
the numerator and denominator by the conjugate of the denominator, which is 3i.

Multiplying by the conjugate gives,

1450 30 (14 50) (30)

=3i 3 (—3i)(3)

Now all we need to do is do the multiplication in the numerator and denominator and put
the result in standard form.

1+5i  3i+15% —15+3i 15 3,
-3 =% 9 9 9 3
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9. Perform the indicated operation and write your answer in standard form.

6+ T7i
8—1

Hint

Recall that standard form does not allow any i’s in the denominator.

Because standard form does not allow for i’s to be in the denominator we’ll need to multiply
the numerator and denominator by the conjugate of the denominator, which is 8 + i.

Multiplying by the conjugate gives,

6+7i 8+i (64 7i)(8+1)
8—i 8+i (8—1i)(8+1)

Now all we need to do is do the multiplication in the numerator and denominator and put
the result in standard form.

6470 8+i 48+62i+ 7 41 +62i 41 62

8—i 8+i 64— 65 65 65
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2 Solving Equations and Inequalities

This chapter can, in many ways, be considered the heart of a College Algebra class. The ability
to solve equations and inequalities is very important and will be used time and again both in this
class and in later classes.

The majority of the chapter will be spent discussing how to solve linear and quadratic equations.
We will also look at a few applications of linear and quadratic equations. As we will eventually see
the ability to solve quadratic equations will arise in other topics in this section. Some equations
can, for example, be reduced to a quadratic equation and when solving equations involving roots
we will often end up solving a quadratic equation in the solution process.

In addition we’ll solve inequalities involving linear equations, polynomial and rational expressions.
In these sections we’ll again see that the ability to solve linear and quadratic equations key to being
able to successfully solve inequalities.

We’'ll the close out the section by solving equations and inequalities that involve absolute value
equations.

The following sections are the practice problems, with solutions, for this material.
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2.1 Solution and Solution Sets

1. Is z = 6 a solution to 2o — 5 = 3 (1 — x) + 227

There really isn’t all that much to do for these kinds of problems. All we need to do is plug
the given number into both sides of the equation and check to see if the right and left side
are the same value.

Here is that work for this particular problem.
2(6) —5=3(1 — 6) + 22
7=7 OK

So, we can see that the right and left sides are the same and so we know that x = 6 is a
solution to the equation.

2. Ist =7 asolutionto t2 + 3t — 10 = 4 + 8t?

There really isn’t all that much to do for these kinds of problems. All we need to do is plug
the given number into both sides of the equation and check to see if the right and left side
are the same value.

Here is that work for this particular problem.

(T)2 +3(7) —10=4 + 8(7)
60 = 60 OK

So, we can see that the right and left sides are the same and so we know thatt = 7 is a
solution to the equation.
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3. Ist=—3asolutionto t2 + 3t — 10 = 4 + 8¢t?

There really isn’t all that much to do for these kinds of problems. All we need to do is plug
the given number into both sides of the equation and check to see if the right and left side
are the same value.

Here is that work for this particular problem.

(—3)2 +3(—3) — 10=4 + 8(—3)
~10 = —20 NOT OK

So, we can see that the right and left sides are the not the same and so we know that
t = —3 is not a solution to the equation.

w2+8w—|—12_
w + 2 o

4. |s w = —2 a solution to 07?

There really isn’t all that much to do for these kinds of problems. All we need to do is plug
the given number into both sides of the equation and check to see if the right and left side
are the same value.

Note that for this problem we don’t even really need to plug the value into the equation. We
can see by a quick inspection that if we were to plug w = —2 into this equation we would
have division by zero and we know that is not allowed.

Therefore, w = —2 is not a solution to this equation.

Be very careful with this kind of problem. If we had plugged w = —2 into the equation we’d
have gotten zero in the numerator as well and we might be tempted to say that it is a solution
to the equation. We'd be wrong however. Regardless of the value of the numerator, we
would still have division by zero and that is just not allowed and so w = —2 will not be a
solution to this equation.
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5. Is z = 4 a solution to 6z — 22 > 22 + 3?

There really isn’t all that much to do for these kinds of problems. All we need to do is plug
the given number into both sides of the inequality and check to see if the inequality is true.
In this case that will mean checking to see if the left side is larger than or equal to the right
side.

Here is that work for this particular problem.

6(4) — (42> (4)2 +3
8x19 NOT OK

So, we can see that the left side is neither larger than nor equal to the right side and so
z = 4 is not a solution to this inequality.

6. Isy=0asolutonto2(y+7) —1<4(y+1)+3(4y+10)?

There really isn’t all that much to do for these kinds of problems. All we need to do is plug
the given number into both sides of the inequality and check to see if the inequality is true.
In this case that will mean checking to see if the left side is less than the right side.

Here is that work for this particular problem.

2(047) — 1<4(0+1)+3(4(0) + 10)
13 < 34 OK

So, we can see that the left side is less than the right side and so y = 0 is a solution to this
inequality.
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7. Isz =1 asolution to (x + 1)* > 3z + 1?

There really isn’t all that much to do for these kinds of problems. All we need to do is plug
the given number into both sides of the inequality and check to see if the inequality is true.
In this case that will mean checking to see if the left side is greater than the right side.

Here is that work for this particular problem.

(1+1)253(1) +1
4>4 NOT OK

Be very careful with this type of problem! Four is not greater than 4 (it's equal to 4 - big
difference here) and so, we can see that z = 1 is not a solution to this inequality.

Contrast the inequality in this problem with,

(x+1)*>3z+1

While z = 1 is not a solution to the inequality in the problem statement it is a solution to
this inequality since 4 is in fact greater than or equal to 4. The presence of the equal sign
in the inequality can make all the difference in the world and we really need to be on the
lookout for it. It is easy to miss when it's there and it is easy to sometimes assume it is
there when in fact it isn’t.
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2.2 Linear Equations

1. Solve the following equation and check your answer.

dz—7(2—2)=3x+2

First, we need to clear out the parenthesis on the left side and then simplify the left side.

e —T(2—x)=3x+2
doe — 14+ 7 =3x + 2
11y — 14 =32 + 2

-_____J

Now we can subtract 3z and add 14 to both sides to get all the =’s on one side and the
terms without an = on the other side.

11z — 14 =32+ 2
8r =16

-~/

Finally, all we need to do is divide both sides by the coefficient of the x (i.e. the 8) to get the
solution of x = 2.

-~

Now all we need to do is check our answer from Step 3 and verify that it is a solution to the
equation. It is important when doing this step to verify by plugging the solution from Step
3 into the equation given in the problem statement.

Here is the verification work.

So, we can see that our solution from Step 3 is in fact the solution to the equation.

N
—~
S
S—
|
-3
—
o
|
w
T
o W
—~
S
N—
_I._
N
@]
P
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2. Solve the following equation and check your answer.
2(w+3)—10=16(32 — 3w)

First, we need to clear out the parenthesis on each side and then simplify each side.

2 (w+ 3) — 10 = 6 (32 — 3w)
2w +6— 10 = 192 — 18w
2w —4 =192 — 18w

-~/

Now we can add 18w and 4 to both sides to get all the w’s on one side and the terms without
an w on the other side.

2w —4 =192 — 18w
20w = 196

-~/

Finally, all we need to do is divide both sides by the coefficient of the w (i.e. the 20) to get

i — 196 _ 49
the solution of w = 50 = & -

Don’t get excited about solutions that are fractions. They happen more often than people
tend to realize.

Now all we need to do is check our answer from Step 3 and verify that it is a solution to the
equation. It is important when doing this step to verify by plugging the solution from Step
3 into the equation given in the problem statement.

Here is the verification work.
49 ? 49
2l —+3) —-10=6(32—3( —
(5+3)-w=o(2-3(3))
64 ? 13
21— ) —-10=6 —
(5)-1%6(5)

OK

|3
[
|3
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LSo, we can see that our solution from Step 3 is in fact the solution to the equation. J

3. Solve the following equation and check your answer.
4—-2z 3 bz

3 4 6

The first step here is to multiply both sides by the LCD, which happens to be 12 for this
problem.
4—2z 3 5z
12( ' >_12<4_6)

2(57) 2 (5) 2 (5)

4(4—22) =3(3) —2(52)

4(4—-22)=3(3)—2(5z2)
16 —82=9—10z
22 =7
7
2

zZ = —

Now we need to find the solution and so all we need to do is go through the same process
that we used in the first two practice problems. Here is that work.

Now all we need to do is check our answer from Step 2 and verify that it is a solution to the
equation. It is important when doing this step to verify by plugging the solution from Step
2 into the equation given in the problem statement.
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Here is the verification work.

7 7
4-2(-3) 23 5(-3)
3 4 6
44723 %
3 4 6
n13+35
3 4 12
11 11
— == 0K
3 3

So, we can see that our solution from Step 2 is in fact the solution to the equation.

Note that the verification work can often be quite messy so don’t get excited about it when
it does. Verification is an important step to always remember for these kinds of problems.
You should always know if you got the answer correct before you check the answers and/or
your instructor grades the problem!

4. Solve the following equation and check your answer.
4 1
t2-25 5t

Hint

Do not forget to watch out for values of ¢ that we’ll need to avoid!

Let’s first factor the denominator on the left side so we can identify the LCD. While we are
at it we will also factor a minus out of the denominator on the right side.

a1
t2-25 55—t
4t B 1
(t—5)(t+5) —(t—>5)
4t 1

(t—5)(t+5) t—5

So, after factoring the left side and factoring the minus sign out of the denominator on the
right side we can quickly see that the LCD for this equation is,

(t—5)(t+5)

From this we can also see that we’ll need to avoid ¢t = 5 and ¢t = —5. Remember that we
have to avoid division by zero and we will clearly get division by zero with each of these
values of ¢.
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Next, we need to do find the solution. To get the solution we’'ll need to multiply both sides
by the LCD and the go through the same process we used in the first couple of practice
problems. Here is that work.

@_5Mt+m<@—5ﬁﬁHﬂ>:_<ti5>@_5ﬂﬁ+a

At = —(t+5)
4t =—t—-5
ot = —5
t=-—1

Finally, we need to verify that our answer from Step 2 is in fact a solution.

The first thing to note is that it is not one of the values of ¢ that we need to avoid. Having
determined that we know that we do have a potential solution (i.e. it's not a value of ¢t we
need to avoid) all we need to do is plug the solution into the equation given in the problem
statement.

Here is the verification work.

OK

So, we can see that our solution from Step 2 is in fact the solution to the equation.

5. Solve the following equation and check your answer.

3y +4
vt o T
y—1 y—1

Hint

Do not forget to watch out for values of y that we’ll need to avoid!
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First, we can see that the LCD for this equation is,
y—1

From this we can also see that we’ll need to avoid y = 1. Remember that we have to avoid
division by zero and we will clearly get division by zero with this value of .

Next, we need to do find the solution. To get the solution we’'ll need to multiply both sides
by the LCD and the go through the same process we used in the first couple of practice
problems. Here is that work.

b () - (s
3y+4=2(y—1)+7

3y+4=2y+5
y=1

Finally, we need to verify that our answer from Step 2 is in fact a solution and in this case
there isn’t a lot of work to that process. We can see that our potential solution from Step 2
is in fact the value of y that we need to avoid and so this equation has no solution.

We could also see this if we plugged the value of y from Step 2 into the equation given in
the problem statement. Had we done that we would have gotten a division by zero in two
of the terms! That, of course, is why we needed to avoid y =1 .

Note as well that we only have caught the division by zero if we verify by plugging into the
equation in the problem statement. Had we checked in the equation we got by multiplying
by the LCD it would have appeared to be a solution! This is the reason that we need to
always check in the equation from the problem statement.

6. Solve the following equation and check your answer.

5T 6 )

%—3+$+2_3
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Hint

Do not forget to watch out for values of x that we’ll need to avoid!

Let’s first factor a 3 out of the denominator of the first tem on the left side so we can identify

the LCD.
eLe b 6 5

5@—1) "z+2 3

So, after factoring doing the factoring on the first term we can quickly see that the LCD for
this equation is,
3(z—1)(x+2)

From this we can also see that we’'ll need to avoid z = 1 and x = —2. Remember that we
have to avoid division by zero and we will clearly get division by zero with each of these
values of z.

Next, we need to do find the solution. To get the solution we’'ll need to multiply both sides
by the LCD and the go through the same process we used in the first couple of practice
problems. Here is that work.

3(z—1)(z+2) <3(;’f1)+xi2) = (g) 3(z—1)(z +2)]

Se(x+2)+3(x—1)(6)=5(x—1)(z+2)
50 + 102 + 18 (z — 1) =5 (2® + 2 — 2)
522 + 10z + 18z — 18 = 52 + 5z — 10

28z — 18 = 5z — 10

23r =8
8
= —
23

Finally, we need to verify that our answer from Step 2 is in fact a solution.

The first thing to note is that it is not one of the values of z that we need to avoid. Having
determined that we know that we do have a potential solution (i.e. it's not a value of = we
need to avoid) all we need to do is plug the solution into the equation given in the problem
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statement.

Here is the verification work.

8
5 (23) 46 25
8 8
3(55)—3 3)+2 3
40
=2 6 25
23 -
5% 3
8 23925
97973
5_5
3 3

OK

So, we can see that our solution from Step 2 is in fact the solution to the equation.

With this problem we have seen that both the solution and the verification step can be

somewhat “messy”. That will happen on occasion and we shouldn’t get excited about it
when it does. It is just the way these problems work on occasion.

© August 2026 Paul Dawkins

Algebra - Practice Problems Solutions

—67-



Chapter 2 : Solving Section 2.3 : Applications of Linear Equations

2.3 Applications of Linear Equations

1. A widget is being sold in a store for $135.40 and has been marked up 7%. How much did the
store pay for the widget?

We'll start by letting p be the price that the store paid for the widget. The widget has been
marked up by 7% and so 0.07 p has been added to the original price, p.

The equation we get for this problem is then,

p+0.07p = 135.4
1.07p = 135.4

To finish all we need to do is divide both sides by 1.07 to get the price the store paid for the
widget.
p = 126.5421

So, with rounding the store paid $126.54 for the widget.

-~

2. Astore is having a 30% off sale and one item is now being sold for $9.95. What was the original
price of the item?

We'll start by letting p be the original price of the item. The price of the item has been
reduced by 30% and so 0.30 p has been subtracted from the original price, p.

The equation we get for this problem is then,

p—0.3p =9.95
0.7p =9.95

-~ J

To finish all we need to do is divide both sides by 0.7 to get the original price of the item.
p = 14.2143
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LSO, with rounding the original price of the item was $14.21. J

3. Two planes start out 2800 km apart and move towards each other meeting after 3.5 hours. One
plane flies at 75 km/hour slower than the other plane. What was the speed of each plane?

Let’s start with a diagram of what is going on in this situation.

Meeting

Plarne A (faster) Point

Plane B (slower)

Distance of Plane A .~< Distance of Plane B

2800 km

Distance . Distance | 9300
of Plane A of PlaneB |
We know that Distance = Rate X Time so this gives to following word equation.

Rate of Time of n Rate of Time of _ 9300
Plane A Plane A Plane B PlaneB |

We can next set up a word equation for this situation. |

Let's let r be the speed of the faster plane. Therefore, the speed of the slower plane is
r — 75. We also know that each plane travels for 3.5 hours. Plugging all this information
into the word equation above gives the following equation.

(r) (3.5) + (r — 75) (3.5) = 2800
3.5r 4+ 3.5 (r — 75) = 2800
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Now we can solve this equation for the speed of the faster plane.

3.5 + 3.5 (r — 75) = 2800
Tr — 262.5 = 2800

Tr = 3062.5
r=437.5

So, the faster plane is traveling at 437.5 km/hour while the slower plane is traveling at 362.5
km/hour (75 km/hour slower than faster plane).

4. Mike starts out 35 feet in front of Kim and they both start moving towards the right at the same
time. Mike moves at 2 ft/sec while Kim moves at 3.4 ft/sec. How long will it take for Kim to catch
up with Mike?

Let’s start with a diagram of what is going on in this situation.

Kim Start Point Mike Start Point Kim catches up to
34 ft/sec 2 ftfsec Mike at this point
35 ft Distance Mike Moved
Distance Kim Mowved

We can next set up a word equation for this situation.

Distance _35.4 Distance
Kim Moved | Mike Moved
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Rate of Time of | 35 4+ Rate of Time of
Kim Kim | Mike Mike

We know that Distance = Rate X Time so this gives to following word equation. J

Both Kim and Mike move for the same amount of time so let’s call that . We also know
that Kim moves at 3.4 ft/sec while Mike moves at 2 ft/sec. Plugging all this information into
the word equation above gives the following equation.

(3.4) (t) = 35+ (2) (¢)

3.4t =354 2t
Now we can solve this equation for the time they traveled.
3.4t =35+ 2t
1.4t =35
t=25
So, Kim will catch up with Mike after she moves for 25 seconds.
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5. Apump can empty a pool in 7 hours and a different pump can empty the same pool in 12 hours.
How long does it take for both pumps working together to empty the pool?

So, if we consider emptying the pool to be one job we have the following word equation
describing both pumps working to empty the pool.

Portion of job done Portion of job done | 1 Job
by first pump by second pump N

We know that Portion of Job = Work Rate X Work Time so this gives the following word
equation.

Work Rate of Work Time n Work Rate of Work Time _1
first pump of first pump second pump of second pump |

We’ll need the work rates of each pump and for that we can use the information we have in
the problem statement on each pump working individually and the following word equation
for each pump doing the job individually.

Work Rate Work Time | 1
of pump ofpump |
For the first pump we have,

( Work Rate

of first pump ) (1) =1 = Work Rate of first pump =

=

and for the second pump we have,

Work Rate 1
12) =1 Work Rate of second pump = —
( of second pump ) (12) = pump 12

Now let ¢t be the amount of time it takes both pumps working together to empty the pool.
Using this and the work rates we found in the second step our word equation from the first
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step becomes,
1 1
(7)o (55)-
19,
84

Now we can solve this for ¢.
19 84
8—415_1 = t‘ﬁ_4'4211
So, it will take both pumps approximately 4.4211 hours to empty the pool if they both work

together.

6. John can paint a house in 28 hours. John and Dave can paint the house in 17 hours working
together. How long would it take Dave to paint the house by himself?

So, if we consider painting the house to be a single job we have the following word equation
if both John and Dave work together to paint the house.
Portion of job Portion of job
+ =1Job
done by John done by Dave

We know that Portion of Job = Work Rate X Work Time so this gives the following word
equation.

Work Rate Work Time n Work Rate Work Time _1
of John of John of Dave of Dave N

We know that John can paint the house in 28 hours so we can use the following equation
to determine the John’s work rate.

Work Rate Work Time Work Rate 1
( of John ) ( of John > - < of John )(28) =1 = Work Rate of John = _
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Similarly, if we let ¢t be the amount of time it takes Dave to paint the house by himself we
have the following relationship between the time and work rate of Dave.

Work Rate Work Time _ Work Rate ()= 1 = Work Rate of Dave = 1
of Dave of Dave of Dave t

We can now plug in the information from the second step as well as the fact that it takes
John and Dave 17 hours to paint the house by themselves into the word equation from the

first step to get,
1 1
— (1 - (17) =1
(55) 0+ (3) a7

17 17

R’ T

Now we can solve this for t.

17 . 17
t 28
17 11
t 28
11
17 = —t
28
476 _ t =  t=43.2727

11

So, it will take Dave approximately 43.2727 hours to paint the house by himself.

7. How much of a 20% acid solution should we add to 20 gallons of a 42% acid solution to get a
35% acid solution?

We’'ll start by letting = be the amount of the 20% solution we’ll need. This in turn means
that we'll have = + 20 gallons of the 35% solution once we’re done mixing.
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The basic word equation is then,

Amount of acid Amountofacid |\ ( Amount of acid
in 20% solution in 42% solution )  \ in 35% solution

We know that Amount of Acid in Solution = Percentage of Solution X Volume of Solution.
This gives the following word equation.

Volume of Volume of Volume of
0.20 0.42 =(0.35
( ) ( 20% solution ) + ) < 42% solution ) ( ) < 35% solution )

So, plugging all the known information in gives the following equation that we can solve for
xZ.

0.2z + (0.42) (20) = 0.35 (= + 20)
02z +84=035x+7
0.15z=1.4
x=09.33

So, we’ll need 9.33 gallons of the 20% acid solution.
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8. We need 100 liters of a 25% saline solution and we only have a 14% solution and a 60% solution.
How much of each should we mix together to get the 100 liters of the 25% solution?

We'll start by letting = be the amount of the 14% solution we’ll need. This in turn means
that we’ll need 100 — x gallons of the 60% solution.

The basic word equation is then,
Amount of salt . Amount of salt B Amount of salt
in 14% solution in 60% solution /|  \ in 25% solution

We know that Amount of Salt in Solution = Percentage of Solution X Volume of Solution.
This gives the following word equation.

Volume of Volume of Volume of
.14 . = (0.2
(0.14) ( 14% solution ) +(0.6) < 60% solution > (0.25) < 25% solution >

So, plugging all the known information in gives the following equation that we can solve for
Z.

0.14x + 0.6 (100 — =) = 0.25 (100)
0.14z 4 60 — 0.6x = 25
—0.462 = —35
x = 76.09

So, we'll need 76.09 liters of the 14% saline solution and 23.91 liters of the 60% saline
solution.
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9. We want to fence in a field whose length is twice the width and we have 80 feet of fencing
material. If we use all the fencing material what would the dimensions of the field be?

We'll start by letting x be width of the field and so 2 x will be the length of the field.

Next, we have the following word equation for the length of the fencing material.

2 (Length of Fence) + 2 (Width of Fence) = 80

So, plugging all the known information in gives the following equation that we can solve for
xT.
2(x)+2(2x) =80
6x = 80
x =13.33

So, the width of the fence will be 13.33 feet while the length will be 26.66 feet.
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2.4 Equations With More Than One Variable

1. Solve F = 3v <4 — 2> for r.
T

problem. For this solution let’s first distribute the 3 v though the parenthesis.

E—12v—6—v
,

Note that there quite a few solution “paths” that you can take to get the solution to ths]

Next, let’s clear the denominator out by multiplying both sides by r.

Er = 12vr — 6v

Now let’s get all the terms with » on one side and the terms without r on the other side. \

We'll also factor the r out when we’re done as well. Doing this gives,

Er —12vr = —6v
(E—12v)r = —6v

Finally, all we need to do is divide by both sides by the coefficient of the r to get,
_ —bv
"TE 12
Note that depending upon the path you chose for your solution you may have something

slightly different for your answer. However, you could do some manipulation of your answer
to make it look like mine (or you could manipulate mine to make it look like yours).

2. SolveQ:%+4(1—h)forh.
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Note that there quite a few solution “paths” that you can take to get the solution to this
problem. For this solution let’s first clear the denominator out by multiplying both sides by
7 s.

(Q) (7s) =Ts <§Z +4(1- h))

7sQ) = 6h + 28s (1 — h)
7sQ) = 6h + 28s — 28sh

We also distributed the 28 s through the parenthesis in anticipation of the next step.

7sQ) — 28s = 6h — 28sh

Now let’s get all the terms with & on one side and the terms without / on the other side.
We'll also factor the h out when we’re done as well. Doing this gives,
7sQ) —28s = (6 —28s) h

Finally, all we need to do is divide by both sides by the coefficient of the h to get,

h_7sQ—283
66— 28s

Note that depending upon the path you chose for your solution you may have something
slightly different for your answer. However, you could do some manipulation of your answer
to make it look like mine (or you could manipulate mine to make it look like yours).

3. SoIveQ:%+4(1—h)forh.

Note that there quite a few solution “paths” that you can take to get the solution to this
problem. For this solution let’s first clear the denominator out by multiplying both sides by
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7 s.

Q) (75) = Ts (‘Z LAl h)>

7sQ = 6h + 28s(1 — h)
7sQ) = 6h + 28s — 28sh

We also distributed the 28 s through the parenthesis in anticipation of the next step.

Now let’s get all the terms with h on one side and the terms without & on the other side.
We’ll also factor the h out when we’re done as well. Doing this gives,

7sQ) — 28s = 6h — 28sh
7sQ — 28s = (6 — 28s) h

Finally, all we need to do is divide by both sides by the coefficient of the h to get,

h_75Q—28s
6 —28s

Note that depending upon the path you chose for your solution you may have something
slightly different for your answer. However, you could do some manipulation of your answer
to make it look like mine (or you could manipulate mine to make it look like yours).
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—2t  4+3t

1
4. Solve A —
4p 5p

for ¢.

Note that there quite a few solution “paths” that you can take to get the solution to this
problem. For this solution let’s first clear the denominator out by multiplying both sides by
20 p.
A 1-2t _ 443t

dp 5p

1—2t 44 3t
20p (A _ ) — 20p (”’)
4p op

20Ap — 5 (1 — 2t) = 4 (4 + 3t)
204p — 5+ 10t = 16 + 12¢

We also distributed the constants through the parenthesis in anticipation of the next step.

Now let’s get all the terms with ¢ on one side and the terms without ¢ on the other side.
Doing this gives,
20Ap — 21 = 2t

Finally, all we need to do is divide by both sides by the coefficient of the ¢ to get,

L 20Ap — 21
- 2

Note that depending upon the path you chose for your solution you may have something
slightly different for your answer. However, you could do some manipulation of your answer
to make it look like mine (or you could manipulate mine to make it look like yours).
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for z.

10
5. Solve y = 3
— (X

Note that there quite a few solution “paths” that you can take to get the solution to this
problem. For this solution let’s first clear the denominator out.

y(3—"T7x) =10
3y — Tzxy =10

We also distributed the y through the parenthesis in anticipation of the next step.

Now let’s get all the terms with 2 on one side and the terms without x on the other side.
Doing this gives,
—Txy =10 — 3y

Finally, all we need to do is divide by both sides by the coefficient of the x to get,

~10-3y  3y—10
=Ty Ty

T

We distributed the minus sign in the denominator into the numerator to reduce the number
of minus signs in the answer but doesn’t need to be done if you don’t want to.

Note that depending upon the path you chose for your solution you may have something
slightly different for your answer. However, you could do some manipulation of your answer
to make it look like mine (or you could manipulate mine to make it look like yours).
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3
6. Solve y = ﬁ for z.
— JT

Note that there quite a few solution “paths” that you can take to get the solution to this
problem. For this solution let’s first clear the denominator out.

y(12—-9z) =3 +=x
12y =92y =3+ 2

We also distributed the y through the parenthesis in anticipation of the next step.

Now let’s get all the terms with 2 on one side and the terms without x on the other side.
Doing this gives,

12y —3 =2+ 92y
12y —3=xz(1+9y)

Finally, all we need to do is divide by both sides by the coefficient of the x to get,

12y — 3
xr =
1+ 9y

Note that depending upon the path you chose for your solution you may have something
slightly different for your answer. However, you could do some manipulation of your answer
to make it look like mine (or you could manipulate mine to make it look like yours).

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions -83-



Chapter 2 : Solving Section 2.5 : Quadratic Equations - Part |

2.5 Quadratic Equations - Part |

1. Solve the following quadratic equation by factoring.

u? —5u—14=0

Not much to this problem. We already have zero on one side of the equation, which we
need to proceed with this problem. Therefore, all we need to do is actually factor the
quadratic.

(u+2)(u—7)=0

Now all we need to do is use the zero factor property to get,

u+2=0 u—7=0
u= -2 u="717

Therefore the two solutions are : [ u=—-2andu="7 ]

We'll leave it to you to verify that they really are solutions if you'd like to by plugging them
back into the equation.

2. Solve the following quadratic equation by factoring.

2% 4+ 152 = —50

The first thing we need to do is get everything on one side of the equation and then factor
the quadratic.

22+ 1524+50=0
(x4 5)(z+10) =0
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Now all we need to do is use the zero factor property to get,

r+5=0 OR z+10=0
= -5 r=—10

Therefore the two solutions are : [ r=-5and x = —10

We'll leave it to you to verify that they really are solutions if you'd like to by plugging them
back into the equation.

3. Solve the following quadratic equation by factoring.

y? =11y — 28

The first thing we need to do is get everything on one side of the equation and then factor
the quadratic.

P —1ly+28=0
(y—4)(y—7)=0

Now all we need to do is use the zero factor property to get,

OR

Therefore the two solutions are : y=4andy=7

We'll leave it to you to verify that they really are solutions if you'd like to by plugging them
back into the equation.
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4. Solve the following quadratic equation by factoring.

192 = 7 — 622

The first thing we need to do is get everything on one side of the equation and then factor
the quadratic.

62> +192 —7=0
Bxr—1)2x+7)=0

Now all we need to do is use the zero factor property to get,

3r—1=0 20 +7=0
1 OR T
. 1 7
Therefore the two solutions are : T = 3 and z = —3

We'll leave it to you to verify that they really are solutions if you'd like to by plugging them
back into the equation.

5. Solve the following quadratic equation by factoring.

6w’ —w=>5

The first thing we need to do is get everything on one side of the equation and then factor
the quadratic.

6w? —w—5=0

(6w+5)(w—1)=0
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Now all we need to do is use the zero factor property to get,

Therefore the two solutions are : [ w = —g andw =1 ]

We’'ll leave it to you to verify that they really are solutions if you’d like to by plugging them
back into the equation.

6. Solve the following quadratic equation by factoring.

22— 162 +61 =2z — 20

The first thing we need to do is get everything on one side of the equation and then factor
the quadratic.

22— 182+81=0
(z—9)2=0

From the factored form we can quickly see that the solution is

z=9
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7. Solve the following quadratic equation by factoring.

1222 = 252

The first thing we need to do is get everything on one side of the equation and then factor
the quadratic.

1222 — 252 =0
z (122 — 25) =0

Make sure that you do not just cancel an = from both sides of the equation!

Now all we need to do is use the zero factor property to get,

_ 120 —25=0
r=0"" or %
T 12
. 25
Therefore the two solutions are : z=0and z = D)

Note that if we’d canceled an x from both sides of the equation in the first step we would
have missed the solution x = 0!

8. Use factoring to solve the following equation.

2t =223 — 322 =0

Do not let the fact that this equation is not a quadratic equation convince you that you can’t
do it! Note that we can factor an z2 out of the equation. Doing that gives,

1'2(1'2—21'—3) =0
The quantity in the parenthesis is a quadratic and we can factor it. The full factoring of the

equation is then,
22 (x—3)(z+1)=0
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Now all we need to do is use the zero factor property to get,

OR OR

r=0 r=3 r=—1

Therefore the three solutions are : [ r=0, z=3andz = -1 ]

9. Use factoring to solve the following equation.

=93

Do not let the fact that this equation is not a quadratic equation convince you that you can'’t
do it! Note that we move both terms to one side we can factor a 3 out of the equation.
Doing that gives,

5 —9t3 =0
t(t*—-9)=0

The quantity in the parenthesis is a quadratic and we can factor it. The full factoring of the
equation is then,
3t —3)(t+3)=0

Now all we need to do is use the zero factor property to get,

3 — — = =

t°=0 OR t—3=0 OR t+3=0

t=0 t=3 t= -3
Therefore the three solutions are : t=0,t=3andt= -3

10. Use factoring to solve the following equation.

w? — 10

+w—4=w-—3
w+ 2
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This is an equation containing rational expressions so we know that the first step is to clear
out the denominator by multiplying by the LCD, which is w + 2 in this case. Also, note that
we now know that we must avoid w = —2 so we do not get division by zero.

Multiplying by the LCD and doing some basic simplification gives,

w? =10
w ~+ 2

(w+2)( +w—4):(w—3)(w+2)

w? — 10+ (w —4) (w+2) = (w — 3) (w + 2)
w? =104+ w?>—2w—8=w?>—w—6

wr—w—12=0

We can now factor the quadratic to get,

(w—4)(w+3)=0

The zero factor property now tells us,

Therefore the two solutions are : w=4and w = -3

Note as well that because neither of these are w = —2 we know that we won'’t get division
by zero. Do not forget this important part of the solution process for equations involving
rational expressions!
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11. Use factoring to solve the following equation.

4z 5 6z+4+5
LT A,
z+1 =z 2+ z

This is an equation containing rational expressions so we know that the first step is to clear
out the denominator by multiplying by the LCD, which is z (z + 1) in this case. Also, note
that we now know that we must avoid z = 0 and z = —1 so we do not get division by zero.

Multiplying by the LCD and doing some basic simplification gives,
4z 5 62+ 5
1 - | = 1
z(z+ )<z—|—1+z) <22+Z>z(z+ )
(2)(42) +5(z2+1)=62+5
422 +52+5=62+5

422 — 2 =0

We can now factor the quadratic to get,
2(4z—1)=0
The zero factor property now tells us,

_ Az—1=0
=0 oRr 1

Therefore the only solutionis| z=-

When dealing with equations that have rational expressions do not forget to verify that you
do not get division by zero with any of the potential solutions! As we saw in this case if we
had not checked we would have gotten a value of z that seemed to be a solution but in fact
was not because of the division by zero issue.
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12. Use factoring to solve the following equation.
_2x—-T7 b5x+8

r+95 r+5

r+1

This is an equation containing rational expressions so we know that the first step is to clear
out the denominator by multiplying by the LCD, which is « + 5 in this case. Also, note that
we now know that we must avoid x = —5 so we do not get division by zero.

Multiplying by the LCD and doing some basic simplification gives,

(z+5) (@ +1) = (2;:57 - 5;';8) (z+5)

(2+5) (@+1) = (%:;;) (x+5) - <5;j58> (z+5)
(z+5)(x+1) =2z —7— (52 +8)

2246 +5=22—7—5x—8

22+ 92 +20=0

We can now factor the quadratic to get,

(r4+4)(x+5)=0

The zero factor property now tells us,

r+4=0 z+5=0

Note that we cannot use the second potential solution since that would give us division by

zero! Therefore the only solution is : r=—4

When dealing with equations that have rational expressions do not forget to verify that you
do not get division by zero with any of the potential solutions! As we saw in this case if we
had not checked we would have gotten a value of x that seemed to be a solution but in fact
was not because of the division by zero issue.

13. Use the Square Root Property to solve the equation.

9u?—16=0
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There really isn’t too much to this problem. Just recall that we need to get the variable on
one side of the equation by itself with a coefficient of one. For this problem that gives,

9u? =16
2= 18
9

N

Now all we need to do is use the Square Root Property to get,

: , 4 4
So we have the following two solutions : u=——-andu= -

I~
||
H_
I
H_
NEREE
I
H_
L | W~
[S4)

14. Use the Square Root Property to solve the equation.

22 4+15=0

There really isn’t too much to this problem. Just recall that we need to get the variable on
one side of the equation by itself with a coefficient of one. For this problem that gives,

2? = —15

——

Now all we need to do is use the Square Root Property to get,

z=4v/—15 = £V151
So we have the following two solutions| z = —v/15i¢ and z = V154 ]

Do not get excited about complex solutions. They will happen fairly regularly when solving
quadratic equations so we need to be able to deal with them.

|
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15. Use the Square Root Property to solve the equation.

(2—2)2=36=0

There really isn’t too much to this problem. Just recall that we need to get the squared term
on one side of the equation by itself with a coefficient of one. For this problem that gives,

(z—2)* =36

N

Using the Square Root Property gives,

2 —2 =436 =46

To finish this off all we need to do then is solve for z by adding 2 to both sides. This gives,

z2=2+6 = z2=2—-06=—-4, 2=2+6=8

So, after we did a little arithmetic, have the following two solutions : [ z=—4 and z =8 ]

|

16. Use the Square Root Property to solve the equation.

(6t+1)* +3=0

There really isn’t too much to this problem. Just recall that we need to get the squared term
on one side of the equation by itself with a coefficient of one. For this problem that gives,

(6t +1)* = -3

Using the Square Root Property gives,
6t +1=+v-3=+V3i
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To finish this off all we need to do then is solve for ¢ by subtracting 1 from both sides and

then dividing by the 6. This gives,

6t = —1++3i
t:ﬂ:_liﬁi
6 6~ 6

Note that we did a little rewrite after dividing by the 6 to put the answer in a more standard

form for complex numbers.

1 1
We then have the following two solutions : t= 5 \fz andt = 5 + ?z’

w
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2.6 Quadratic Equations - Part I

1. Complete the square on the following expression.

z? 4 8z

First, we need to identify the number we need to add to this. Recall that we will need the
coefficient of the x to do this. The number we need is,

To complete the square all we need to do then is add this to the expression and factor the
result. Doing this gives,

2% + 82 +16 = (x + 4)*

2. Complete the square on the following expression.

u? —11u

First, we need to identify the number we need to add to this. Recall that we will need the
coefficient of the « to do this. The number we need is,

(-5 -
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To complete the square all we need to do then is add this to the expression and factor the
result. Doing this gives,

4 2

121 112
w? —1lu+——— = <u— >

Recall that this will always factor as u plus the number inside the parenthesis in the first
step, —1} in this case.

Do not get too excited about the fractions that can show up in these problems. They will be
there occasionally and so we need to be able to deal with them. Luckily, if you can recall
the “trick” to the factoring they aren’t all that bad.

3. Complete the square on the following expression.

222 — 122

Remember that prior to completing the square we need a coefficient of one on the squared
variable. However, we can’t just “cancel’ it since that requires an equation which we don’t
have.

Therefore, we need to first factor a 2 out of the expression as follows,

227 — 122 = 2 (2* — 62)

We can now proceed with completing the square on the expression inside the parenthesis.

Next, we'll need the number we need to add onto the expression inside the parenthesis.
We’'ll need the coefficient of the z to do this. The number we need is,
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To complete the square all we need to do then is add this to the expression inside the
parenthesis and factor the result. Doing this gives,

222 — 122 =2 (2" — 62+9) = 2(z — 3)2

Be careful when the coefficient of the squared term is not a one! In order to get the correct
answer to completing the square we must have a coefficient of one on the squared term!

4. Solve the following quadratic equation by completing the square.

2 -10t+34=0

the number is on the other side. Doing this gives,

First, let's get the equation put into the form where all the variables are on one side and
t2 — 10t = —34

We can now complete the square on the expression on the left side of the equation.
The number that we’ll need to do this is,
~10\? 5
_— = ({— = 2
( ) ) (~5)? = 25

At this point we need to recall that we have an equation here and what we do to one side of
the equation we also need to do the other. In other words, don’t forget to add the number
from the previous step to both sides of the equation from Step 1.

12 — 10t +25 = —34 +25
(t—5)*=—-9
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t—5=+v-9==+3
t=5=£3

The two solutions to this equation are then [ t=5—-3iandt=5+3i ]

Now all we need to do to finish solving the equation is to use the Square Root Property on
the equation from the previous step. Doing this gives,

5. Solve the following quadratic equation by completing the square.

v+ 8 —9=0

the number is on the other side. Doing this gives,

First, let's get the equation put into the form where all the variables are on one side and
v+ 8 =9

We can now complete the square on the expression on the left side of the equation.
The number that we’ll need to do this is,

At this point we need to recall that we have an equation here and what we do to one side of
the equation we also need to do the other. In other words, don’t forget to add the number
from the previous step to both sides of the equation from Step 1.

v+ 8 +16=9+16
(v+4)? =25
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Now all we need to do to finish solving the equation is to use the Square Root Property on
the equation from the previous step. Doing this gives,

v+4=+Vv25=25
v=—-4+£5 = v=—4-5=-9 v=—-445=1

The two solutions to this equation are then [ v=-9andv=1

6. Solve the following quadratic equation by completing the square.

22 +9x+16=0

First, let’'s get the equation put into the form where all the variables are on one side and
the number is on the other side. Doing this gives,

>+ 92=-16

N

We can now complete the square on the expression on the left side of the equation.

The number that we’ll need to do this is,

o) -g-3

-~

At this point we need to recall that we have an equation here and what we do to one side of
the equation we also need to do the other. In other words, don’t forget to add the number
from the previous step to both sides of the equation from Step 1.
81 81

2
4: 4

AL
2) 4
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Now all we need to do to finish solving the equation is to use the Square Root Property on
the equation from the previous step. Doing this gives,

_iJ iV_iiy

V17
T = f:I:—
2 2

9

The two solutions to this equation are then| z = 5~ andz = —— +

N |
| ©
N

Often, we will get “messy” answers when using completing the square to solve equations.
This is not something to get too excited about as many applications that involve solving
quadratic equations have this kind of solution and so it is something that we just need to
be able to deal with.

7. Solve the following quadratic equation by completing the square.

4> —8u+5=0

First, let’s get the equation put into the form where all the variables are on one side, with a
coefficient of one on the «?, and the number is on the other side. Doing this gives,

5

2
—2u+°=0
U u+4

2
oy = —=
U u 1

We can now complete the square on the expression on the left side of the equation.

The number that we’ll need to do this is,
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At this point we need to recall that we have an equation here and what we do to one side of
the equation we also need to do the other. In other words, don’t forget to add the number
from the previous step to both sides of the equation from Step 1.

5
u? —2u+1 = -5 11

1
(u—1)* = -1

Now all we need to do to finish solving the equation is to use the Square Root Property on
the equation from the previous step. Doing this gives,

1 1
DRIEY B B4 PR
4 V4 2
1

1 1
The two solutions to this equation are then[ u=1- 51' andu =1+ 51'
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8. Solve the following quadratic equation by completing the square.

202 +5x+3=0

First, let's get the equation put into the form where all the variables are on one side, with a
coefficient of one on the 22, and the number is on the other side. Doing this gives,
3

5

2

Z 20
T +2x+2

&

[N}
_l’_
DO | Ot
&

1

|
Do | o

We can now complete the square on the expression on the left side of the equation.

The number that we’ll need to do this is,

(B -5

R

At this point we need to recall that we have an equation here and what we do to one side of
the equation we also need to do the other. In other words, don’t forget to add the number
from the previous step to both sides of the equation from Step 1.

E~2[\D
~——~ +
8 wlw
+ 8
Slor +
N— H‘ ()
o O | Ot
| 1
= |
+
H‘M
S| Ot

Now all we need to do to finish solving the equation is to use the Square Root Property on
the equation from the previous step. Doing this gives,
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The two solutions to this equation are then| 2z = —% andz = —1

9. Use the quadratic formula to solve the following quadratic equation.

22— 6x+4=0

There really isn’'t too much to this problem. First, we need to identify the values for the
quadratic formula.

s
|
—_
S
|
|
(@)
)
|
W

10. Use the quadratic formula to solve the following quadratic equation.

9w? — 6w = 101

First, we need to get the quadratic equation in standard form. This is,

9w? — 6w — 101 =0

Now we need to identify the values for the quadratic formula.

a:9 b:—6 c:—101

Plugging these into the quadratic formula gives,
(-6 £1/(-6 —4()(4) 64T 64205
2(1) 2 2
The two solutions to this equation are then [ z=3—-+v5andz=3+V5 |
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Plugging these into the quadratic formula gives,

—6)+1/(~6)° — 4(9) (~101) 643672 64 /(36) (102)
2(9 B

8 18
_ 64+6v102  1441/102
183
. . . 1 102 1 4102
The two solutions to this equation are then| w = 373 and w = 3 + 3

11. Use the quadratic formula to solve the following quadratic equation.

8u?+5u+T70=5—Tu

First, we need to get the quadratic equation in standard form. This is,

8u?+12u+65=0

Now we need to identify the values for the quadratic formula.

Plugging these into the quadratic formula gives,

_ —121\/ )(65) 12+ /—1936 _ —12+44i _ —3j:111
N 16 N 16
. . . -3 11, -3
The two solutions to this equation are then U = s Zz and v = e + —z

J
|
|
|
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12. Use the quadratic formula to solve the following quadratic equation.

169 — 20t + 4> =0

First, we need to get the quadratic equation in standard form. This is,

4% — 20t 4+ 169 = 0

Note that in this case we just rearranged the terms to have decreasing exponents.

]

Now we need to identify the values for the quadratic formula.

Plugging these into the quadratic formula gives,

LT (—20) + \/(—20)2 —4(4)(169) 20+ ,/—2304 20+ 48;
B 2 (4) N 8 8

)

The two solutions to this equation are then| t= g —6iandt = g + 617

|
|

13. Use the quadratic formula to solve the following quadratic equation.

2224+ 2—-72=2%>—-22+58

First, we need to get the quadratic equation in standard form. This is,

224+32-130=0

In this case we just moved everything from the right side over to the left side.

]
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Now we need to identify the values for the quadratic formula.

a=1 b=3 c=—-130

Plugging these into the quadratic formula gives,

3P -4()(-130) g4 E 3423
°T 2(1) 2 2
In this case because there are no roots or complex numbers we can go further to reduce
the solutions to “nicer” values.
_ —3-23

B _ —3+423
a 2

-1 = =1
3, =z 5 0

The two solutions to this equation are then

[ z=-—13and z =10 ]

As a final comment we can also note that because the solutions were integers we could
have also gotten the answer by factoring! The quadratic (once written in standard form)
factors as,

(z4+13) (2 —10) =0

and this clearly would arrive at the same solutions.

The point of all this is to note that if more than one technique can be used it won’'t mat-
ter which we use. Regardless of the solution technique used you will arrive at the same
solutions.
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2.7 Quadratic Equations : A Summary

1. Use the discriminant to determine the type of roots for the following equation. Do not find any
roots.

16922 — 1822 +49 =0

There really isn’t too much to this problem. First, we need to identify the values for com-
puting the discriminant.

a =169 b= —182 c=149

Plugging these into the formula for the discriminant gives,

b? — dac = (—182)? — 4(169) (49) = 0

The discriminant is zero and so we know that this equation will have a double root.

2. Use the discriminant to determine the type of roots for the following equation. Do not find any
roots.

22+ 282 +61=0

puting the discriminant.

There really isn’'t too much to this problem. First, we need to identify the values for com-
a=1 b=28 c=061

Plugging these into the formula for the discriminant gives,
b2 — dac = (28)% — 4(1) (61) = 540
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The discriminant is positive and so we know that this equation will have two real roots.

-

3. Use the discriminant to determine the type of roots for the following equation. Do not find any
roots.

4922 — 1262 + 102 = 0

There really isn’t too much to this problem. First, we need to identify the values for com-
puting the discriminant.

a=49 b= —-126 c =102

-~

Plugging these into the formula for the discriminant gives,

b? — dac = (—126)% — 4 (49) (102) = —4116

.

The discriminant is negative and so we know that this equation will have two complex
roots.

-~
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4. Use the discriminant to determine the type of roots for the following equation. Do not find any
roots.

922 +151 =0

There really isn’'t too much to this problem. First, we need to identify the values for com-
puting the discriminant.
a = 9 b = 0 C = 15].

Plugging these into the formula for the discriminant gives,

b2 — dac = (0)* — 4(9) (151) = —5436

The discriminant is negative and so we know that this equation will have two complex
roots.
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2.8 Applications of Quadratic Equations

1. The width of a rectangle is 1 m less than twice the length. If the area of the rectangle is 100 m?
what are the dimensions of the rectangle?

We'll start by letting L be the length of the rectangle. From the problem statement we now
know that the width of the rectangle is 1 m less than twice the length and so must be 2L — 1

A = (length) (width)
100 = (L) (2L — 1)

We also know that the area of any rectangle is length times width and we are given that
the area of this particular rectangle is 100. Therefore, the equation for this problem is,
100 =212 - L

We can now use the quadratic formula on this to get,

4

This is a quadratic equation and we know how to solve that so let’s do that. First, we need
to get the quadratic equation in standard form.
2L — L —100=0
L DRV 1@ (100 14 R0l
a 2(2)

1 — /301 1+ /301
L:780:—6.8255 L:ﬂ:7.3255

Reducing the two values we got in the previous steps to decimals we arrive at the following
two solutions to the quadratic equation from Step 2.
4 4
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We are dealing with a rectangle and so having a negative length doesn’t make much sense.
Therefore the first solution to the quadratic equation can’t be the length of the rectangle.

This means that the length of the rectangle must be 7.3255 m and the width of the rectangle
is then 2(7.3255) — 1 = 13.651m .

2. Two cars start out at the same spot. One car starts to drive north at 40 mph and 3 hours later
the second car starts driving to the east at 60 mph. How long after the first car starts driving does
it take for the two cars to be 500 miles apart?

Let’s start out this problem by defining Car A to be the car that drives 40 mph and Car B to
be the car that drives 60 mph. Let’s also let t be the time that Car A is driving. From the
problem statement we know that Car B starts 3 hours after Car A and so drives for 3 hours
less than Car A. This means that ¢ — 3 is the time that Car B is driving.

Next let’s set up a sketch for this situation.

Car A after
t hours
A
500 miles
Distance
Car A drives
Y
Car B after
e t-3 hours
5;.:;]1;1;; Distance
Car B drives
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Okay. Now we need to get an equation for this situation. The first thing to notice about our
sketch is that we have a right triangle! This means we can relate all three lengths using the
Pythagorean Theorem (this is one of the reasons to have a sketch - to see these kinds of
things).

The Pythagorean Theorem tells us that,

2 2
Distance Distance 9
( Car A drives ) + ( Car B drives ) = (500) = 250,000

Next, we know that we can find the distance of each car using the formula,

Distance = (Speed of Car) (Time driving)

So, for each car we have,

Distance of Car A = (40) (¢) = 40t
Distance of Car B = (60) (t — 3) = 60 (¢ — 3)

Putting all of this into the “word equation” we wrote down in Step 3 we get the following
equation.
(40t)* + (60 (t — 3))* = 250, 000
4022 + 602(t — 3)* = 250, 000
1600t + 3600 (2 — 6t +9) = 250,000
1600¢2 + 3600t2 — 21, 600¢ + 32,400 = 250, 000
5200¢2 — 21,600t — 217,600 =0

Note as well that we did quite a bit of simplification to get the equation into a standard form.
Also, do not get excited about the “large” numbers here! They happen on occasion so they
are nothing to worry about. This is still just a quadratic and we know how to solve quadratic
equations. It doesn’t matter if the numbers are single digit numbers of significantly larger
numbers as they are here.

As noted in the previous step this is just a quadratic equation and we know how to solve
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those! Using the quadratic formula gives,
LT (—21,600) + \/(—21, 600)* — 4 (5200) (—217,600) 21,600 + /4,992, 640, 000
B 2 (5200) B 10, 400

Reducing the two values we got in the previous steps to decimals we arrive at the following
two solutions to the quadratic equation from Step 4.

3 - ) 3 ) 9 3 ) )
. 21,600 — /4,992, 640, 000 __ATIT2 = 21,600 + /4,992, 640, 000

=8.871
10, 400 10, 400 58710

The first solution to the equation doesn’t make any sense since it is negative (we are work-
ing with time and so it's safe to assume we are starting at ¢ = 0 after all!) so that means
the second is the answer we need.

This means that Car A (i.e. the one traveling at 40 mph) travels for 8.871 hours while Car B
(i.e. the one traveling at 60 mph) travels for 5.871 hours (three hours less than Car Atime!).

3. Two people can paint a house in 14 hours. Working individually one of the people takes 2 hours
more than it takes the other person to paint the house. How long would it take each person working
individually to paint the house?

First, let Person A be the faster of the two painters and let t be the amount of time it takes
to paint the house by himself. Next, let Person B be the slower of the two painters and so
it will take this person t + 2 hours to paint the house by himself.

Working together they can paint the house in 14 hours so we have the following word
equation for them working together to paint the house.

Portion of job n Portion of job _ 1 Job
done by Person A done by PersonB |

We know that Portion of Job = Work Rate X Work Time so this gives the following word
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equation.
Work Rate Work Time n Work Rate Work Time
of Person A of Person A of Person B of Person B

Work Rate (14) + Work Rate
of Person A of Person B

Now we need the work rate of each person which we can get from their individual painting
times as follows,
Work Rate Work Time B Work Rate ) =1
of Person A of PersonA | | of PersonA -
Work Rate of Person A = %
Work Rate Work Time B Work Rate (t142) =
of Person B of PersonB | | of Person B

Work Rate of Person B = L
t+2

Plugging these into the word equation from Step 2 we arrive at the following equation.

(o (45) 00

14 14

To solve this we know that we’ll need to multiply by the LCD, ¢ (¢ + 2) in this case, to clear
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the denominators. Doing this gives,

14(t+2)+ 14t =t (t +2)
28t + 28 = 12 + 2t
t2 — 26t — 28 =0

After some simplification we arrive a fairly simple quadratic equation to solve. Using the
quadratic formula gives,

t

C(26) /(26 —4(1) (-28) 26+ /788
N 2(1) N 2

Reducing the two values we got in the previous steps to decimals we arrive at the following
two solutions to the quadratic equation from Step 2.

26— /788
===

= —1.0357 t = 27.0357

, 26+ /788
=20

The first solution to the equation doesn’t make any sense since it is negative (we are work-
ing with time and so it's safe to assume we are starting at ¢ = 0 after all') so that means
the second is the answer we need.

This means that Person A can paint the house in 27.0357 hours while Person B can paint
the house in 29.0357 hours (two hours more than Person A).

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions -116 -



Chapter 2 : Solving Section 2.9 : Equations Reducible To Quadratic in Form

2.9 Equations Reducible To Quadratic in Form

1. Solve the following equation.
2% — 923 +8=0

Hint

Remember to look at the exponents of the first two terms and try to find a substitution that
will turn this into a “normal” quadratic equation.

First let's notice that 6 = 2 (3) and so we can use the following substitution to reduce the
equation to a quadratic equation.

Using this substitution the equation becomes,

u? —9u+8=0
(u—1)(u—8)=0

We can easily see that the solution to this equationis: u=1andu =38.

Now all we need to do is use our substitution from the first step to determine the solution
to the original equation.

Therefore the two solutions to the original equation are : r=1landz =2

2. Solve the following equation.
et -T2 - 18=0
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Hint

Remember to look at the exponents of the first two terms and try to find a substitution that
will turn this into a “normal” quadratic equation.

First let's notice that —4 = 2 (—2) and so we can use the following substitution to reduce
the equation to a quadratic equation.

Using this substitution the equation becomes,

w2 —Tu—18=0
(u—9)(u+2)=0

We can easily see that the solution to this equationis: v =—-2and v =9.

Now all we need to do is use our substitution from the first step to determine the solution
to the original equation.

1 1 1 1
u=-2: 2%=—5=-2 = 2l=-2 = o=+ ==+i
z? 2 2 V2
1 1 1 1
— -2 — 2 _ — —

1
Therefore the four solutions to the original equationare| xz=+—iandz =+—

3. Solve the following equation.
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Hint

Remember to look at the exponents of the first two terms and try to find a substitution that
will turn this into a “normal” quadratic equation.

First let's notice that 2 = 2 (1) and so we can use the following substitution to reduce the
equation to a quadratic equation.

<
Il
8
wl=
<
N
Il
7~ N
8
ol
N—
)
Il
8
i

Using this substitution the equation becomes,

4?2 +21u+27=0
(4u+9) (u+3) =0

We can easily see that the solution to this equation is : u = —% and u = -3 .

Now all we need to do is use our substitution from the first step to determine the solution
to the original equation.

L S N (9 129
u = : r3 = T = 1) T T

u=-3: a5=-3 = a=(-3°=-27

2
Therefore the two solutions to the original equation are [ x = —% and x = —27 ]

4. Solve the following equation.
2! —62° +7=0

Hint

Remember to look at the exponents of the first two terms and try to find a substitution that
will turn this into a “normal” quadratic equation.
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First let’s notice that 10 = 2 (5) and so we can use the following substitution to reduce the
equation to a quadratic equation.

Using this substitution the equation becomes,

uW—6u+7=0

Now, this equation does not factor. That happens on occasion but luckily enough we know
how to solve it anyway. All we need to do is use the quadratic formula to find the solutions
to this equation.

(O 64 () 618 64242
w— 0 =g =g =3£V2

Do not get excited about the “messy” numbers here! These kinds of solutions happen on
occasion and we just need to be able to deal with them. Just keep in mind that they are
just numbers even if they are not the integers we are used to seeing!
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Now all we need to do is use our substitution from the first step to determine the solution
to the original equation.

1
Wu=34+v2: 2P=3+v2 = x:(3+\/§)5:(4.4142)%:1.3458

atl=

1
u=3-v2: 2°=3-v2 = 33:(3—\@)5:(1.5858):1.0966

5. Solve the following equation.

Hint

This works exactly the same as the first four problems even though the x’s are in the denom-
inator. The only difference here is that the x’s will be in the denominator of our substitution.

First let’s notice that 2 = 2 (1) and so we can use the following substitution to reduce the
equation to a quadratic equation.

Using this substitution the equation becomes,
2u* +17Tu+21 =0
2u+3)(u+7)=0

We can easily see that the solution to this equationis: v = -2 and u = -7 .

[NSJ[9M
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Now all we need to do is use our substitution from the first step to determine the solution
to the original equation.

wo 3. 1_ 3 12
2 2 -3 3
1 1
u= -7 —=-T = r=—=—=
x — 7
, - . 2 1
Therefore the two solutions to the original equation are| x = -3 and x = —=
6. Solve the following equation.
1 11
———=+18=
x T *

Hint

This works exactly the same as the first four problems even though the «’s are in the denom-
inator. The only difference here is that the x’s will be in the denominator of our substitution.

First let's notice that 1 = 2 (3) and recall that \/z = z2 . So we can use the following
substitution to reduce the equation to a quadratic equation.

R R

Using this substitution the equation becomes,

w2 —11lu+18 =0
(u—2)(u—9)=0

We can easily see that the solution to this equationis: u=2andu=9.
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Now all we need to do is use our substitution from the first step to determine the solution

to the original equation.

1 1 1\* 1
u 7 = NZ 5 = x (2) 1
1 1 1\* 1
B Nz Y79 v (9) 81
1
Therefore the two solutions to the original equation are [ r=-andz = 3L ]
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2.10 Equations with Radicals

1. Solve the following equation.

20 =vx+3

The first step here is to square both sides to get,

(22)? = (Vo +3)°
422 =2+ 3
472 — 2 —-3=0

This is just a quadratic equation and we know how to solve it so let’s do that.

(Axr+3)(z—1)=0 = z=-7 r=1

As shown we have two solutions to the quadratic we got from the first step.

Hint

Recall that the solution process used here can, and often does, introduce values that are
not in fact solutions to the original equation!

We’'re not done with this problem. Recall from the notes that the solution process we used
here has the unfortunate side effect of sometimes introducing values that are not solutions
to the original equation.

So, to finish this out we need to check both of the potential solutions from the previous step
in the original equation (recall it's important to check the potential solutions in the original

equation).
3 3\: [ 3 37 9 3 3
x_4'2<4>_ ~i+3 o 5T o —5#5 NOTOK
r=1: 2(1)=v1+3 — 2=V4 > 2=2 OK

Only one of the potential solutions work out and so the original equation has a single solu-
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tion : r=1

2. Solve the following equation.

V33—-2z=xz+1

The first step here is to square both sides to get,
(V33 —=22)" = (& +1)°
33-2x=2%+22+1
2?4 4r —32=0

This is just a quadratic equation and we know how to solve it so let’s do that.

(x4+8)(x—4)=0 = z=-8, z=4

As shown we have two solutions to the quadratic we got from the first step.

Hint

Recall that the solution process used here can, and often does, introduce values that are
not in fact solutions to the original equation!

to the original equation.

So, to finish this out we need to check both of the potential solutions from the previous step
in the original equation (recall it's important to check the potential solutions in the original
equation).

? ?
z=-8: 33—-2(-8)=—8+1 — V49=-7 = T7#-7 NOTOK

r=4: /3B_2@)=4+1 = V2B5=5 = 5=5

We’re not done with this problem. Recall from the notes that the solution process we used
here has the unfortunate side effect of sometimes introducing values that are not solutions
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tion : =4 .

Only one of the potential solutions work out and so the original equation has a single solu-J

3. Solve the following equation.

T=vV39+3r -2z

The first step here is to square both sides. However, before we do that we need to get the
root on one side by itself.
T+x=+v39+ 3z

Now we can square both sides to get,

(7+2)? = (V39 +3z)°
22 + 14z + 49 = 39 + 3z
2 +11z+10=0

This is just a quadratic equation and we know how to solve it so let’s do that.
(x+10)(z+1)=0 = x=-10, z=-1
As shown we have two solutions to the quadratic we got from the first step.

Hint

Recall that the solution process used here can, and often does, introduce values that are
not in fact solutions to the original equation!

We’'re not done with this problem. Recall from the notes that the solution process we used
here has the unfortunate side effect of sometimes introducing values that are not solutions
to the original equation.

So, to finish this out we need to check both of the potential solutions from the previous step
in the original equation (recall it's important to check the potential solutions in the original

—_—
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equation).
r=-10: 7=39+43(-10)— (-10) — 7=v9+10 — 7#13 NOTOK
r=-1: 7&=3043(-1)—(-1) — 7=v36+1 — 7=7 OK

Only one of the potential solutions work out and so the original equation has a single solu-

tion : z=-1

4. Solve the following equation.

r=1++v2x—2

The first step here is to square both sides. However, before we do that we need to get the
root on one side by itself.

r—1=+2x—2
Now we can square both sides to get,

(@ —1)? = (V2z —2)°
22 —204+1=22—-2
:1:2—4x+3:0

This is just a quadratic equation and we know how to solve it so let’s do that.

(z—1)(z-3)=0 = z=1, =3

As shown we have two solutions to the quadratic we got from the first step.

Hint

Recall that the solution process used here can, and often does, introduce values that are
not in fact solutions to the original equation!
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We’re not done with this problem. Recall from the notes that the solution process we used
here has the unfortunate side effect of sometimes introducing values that are not solutions
to the original equation.

So, to finish this out we need to check both of the potential solutions from the previous step
in the original equation (recall it's important to check the potential solutions in the original
equation).

r=1: 1£1+20)-2 — 11+v0 — 1=1 OK
r=3: 3=1+23) -2 — 3=14+v4 > 3=3 OK

Both of the potential solutions work out and so the original equation has a two solutions :

z=1andz =3 ]

5. Solve the following equation.

1+vV1—z=v2zr+4

The first step here is to square both sides to get,

(1+vVi—2)’ = (Vor+4)°
1+2VT—a+ (Vi—2)’ =20 +4
1+2V1—z+1—2=2r+4
2V1 —x =32z +2

Unlike the previous problems squaring both sides once isn’t sufficient to eliminate the
square roots from the problem. So, once we get the remaining root on one side by itself,
as we did in the previous step, we need to square both sides once again.

Doing that gives,
2vI—2) = (32 + 2)°

4(1—2)=922+ 122+ 4
922 + 162 =0
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This is just a quadratic equation and we know how to solve it so let’s do that.

r(9r+16)=0 = =0, z=——

As shown we have two solutions to the quadratic we got from the first step.

Hint

Recall that the solution process used here can, and often does, introduce values that are
not in fact solutions to the original equation!

We’'re not done with this problem. Recall from the notes that the solution process we used
here has the unfortunate side effect of sometimes introducing values that are not solutions
to the original equation.

So, to finish this out we need to check both of the potential solutions from the previous step
in the original equation (recall it's important to check the potential solutions in the original
equation).

2=0: 14+vI_0=y2(0)+4 — 1+VI=vd — 2=2 OK

125 2[4 8 2

Only one of the potential solutions work out and so the original equation has a single solu-
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2.11 Linear Inequalities

1. Solve the following inequality and give the solution in both inequality and interval notation.

4(z+2)—1>5—T7(4—2)

Hint

Remember that solving linear inequalities is pretty much the same as solving a linear equa-
tion. Just remember to be careful when multiplying/dividing by a negative number.

We know that the process of solving a linear inequality is pretty much the same process
as solving a linear equation. We do basic algebraic manipulations to get all the z’s on one
side of the inequality and the numbers on the other side. Just remember that what you do
to one side of the inequality you have to do to the other side as well. So, let’'s go through
the solution process for this linear inequality.

First, we should clear out the parenthesis on both sides and do any simplification that we
can. Doing this gives,
4z4+8—-1>5—-28+7z2

dz4+T7>-23+7z

We can now subtract 7z from both sides and subtract 7 to both sides to get,

—3z > —-30

Note that we could just have easily subtracted 4 > from both sides and added 23 to both
sides. Each will get the same result in the end.

For the final step we need to divide both sides by -3. Recall however that because we are
dividing by a negative number we need to switch the direction of the inequality to get,

z <10

So, the inequality form of the solutionis| 2z < 10 Iand the interval notation form of the
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solution is[ (—o0,10)

Remember that we use a parenthesis, ie. “)* for the right side of the interval notation
because we are not including 10 in the solution. Also recall that infinities always get paren-
thesis!

2. Solve the following inequality and give the solution in both inequality and interval notation.

1 1 1 1
—B+4)<6(-—=t)—-(2+1
2(3 2 6(3 2t> 4( 0t)

Hint

Remember that solving linear inequalities is pretty much the same as solving a linear equa-
tion. Just remember to be careful when multiplying/dividing by a negative number.

We know that the process of solving a linear inequality is pretty much the same process
as solving a linear equation. We do basic algebraic manipulations to get all the ¢’s on one
side of the inequality and the numbers on the other side. Just remember that what you do
to one side of the inequality you have to do to the other side as well. So, let’s go through
the solution process for this linear inequality.

First, we should clear out the parenthesis on both sides and do any simplification that we
can. Doing this gives,

3 1 5
5 T2AS2-3t— ot
ESNP VIR S
2 =2 2

For the final step we need to multiply both sides by % to get,

t<0

We can now add %t to both sides and subtract % from both sides to get,
15
—t <0
gt <
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So, the inequality form of the solutionis| ¢ <0 |and the interval notation form of the

solutionis| (—o0,0] |.

Remember that we use a square bracket, i.e. “I%, for the right portion of the interval because
we are including zero in the solution. Also recall that infinities never get square brackets!

3. Solve the following inequality and give the solution in both inequality and interval notation.

-1 <4z +2<10

Hint

Solving double inequalities uses the same basic process as solving single inequalities. Just
remember that what you do to one part you have to do to all parts of the inequality.

Just like with single inequalities solving these follow pretty much the same process as
solving a linear equation. The only difference between this and a single inequality is that
we now have three parts of the inequality and so we just need to remember that what we
do to one part we need to do to all parts.

Also, recall that the main goal is to get the variable all by itself in the middle and all the
numbers on the two outer parts of the inequality.

So, let’s start by subtracting 2 from all the parts. This gives,

-3 <4 <8

Finally, all we need to do is divide all three parts by 4 to get,

3
—— <z <2
1 <7

So, the inequality form of the solution is [ —% <z <2 ] and the interval notation form

of the solution is (—, 2>
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4. Solve the following inequality and give the solution in both inequality and interval notation.

8<3—-5z2<12

Hint

Solving double inequalities uses the same basic process as solving single inequalities. Just
remember that what you do to one part you have to do to all parts of the inequality.

Just like with single inequalities solving these follow pretty much the same process as
solving a linear equation. The only difference between this and a single inequality is that
we now have three parts of the inequality and so we just need to remember that what we
do to one part we need to do to all parts.

Also, recall that the main goal is to get the variable all by itself in the middle and all the
numbers on the two outer parts of the inequality.

So, let’s start by subtracting 3 from all the parts. This gives,

5< =52<9

Finally, all we need to do is divide all three parts by -5 to get,

9
1>z> -2
Zz 5

Don’t forget that because we were dividing everything by a negative number we needed to
switch the direction of the inequalities.

So, the inequality form of the solution is —% <z< -1 (we flipped the inequality

around to get the smaller number on the left as that is a more “standard” form). The interval

notation form of the solution is (—9 —1}

For the interval notation form remember that the smaller number is always on the left (hence
the reason for flipping the inequality form above!) and be careful with parenthesis and
square brackets. We use parenthesis if we don’t include the number and square brackets
if we do include the number.
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5. Solve the following inequality and give the solution in both inequality and interval notation.

0<10w—15<23

Hint

Solving double inequalities uses the same basic process as solving single inequalities. Just
remember that what you do to one part you have to do to all parts of the inequality.

Just like with single inequalities solving these follow pretty much the same process as
solving a linear equation. The only difference between this and a single inequality is that
we now have three parts of the inequality and so we just need to remember that what we
do to one part we need to do to all parts.

Also, recall that the main goal is to get the variable all by itself in the middle and all the
numbers on the two outer parts of the inequality.

So, let’s start by add 15 to all the parts. This gives,

15 < 10w < 38

Finally, all we need to do is divide all three parts by 10 to get,

3 o,
g ="W=75
. . . 3 19 . .
So, the inequality form of the solution is 3 <w< = and the interval notation form

of the solution is [3, 19]
2°5

6. Solve the following inequality and give the solution in both inequality and interval notation.

1 1
2< - ——x<A4
<6 2x_

Hint

Solving double inequalities uses the same basic process as solving single inequalities. Just
remember that what you do to one part you have to do to all parts of the inequality.
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Just like with single inequalities solving these follow pretty much the same process as
solving a linear equation. The only difference between this and a single inequality is that
we now have three parts of the inequality and so we just need to remember that what we
do to one part we need to do to all parts.

Also, recall that the main goal is to get the variable all by itself in the middle and all the
numbers on the two outer parts of the inequality.

So, let’s start by subtracting % from all the parts. This gives,

11 1 23
<

6~ 2"

Finally, all we need to do is multiply all three parts by -2 to get,

Don’t forget that because we were multiplying everything by a negative number we needed
to switch the direction of the inequalities.

2 11
So, the inequality form of the solution is ——3 <r<——

3 S 3 (we flipped the inequality

around to get the smaller number on the left as that is a more “standard” form). The interval

notation form of the solution is [—233, —131>

For the interval notation form remember that the smaller number is always on the left (hence
the reason for flipping the inequality form above!) and be careful with parenthesis and
square brackets. We use parenthesis if we don’t include the number and square brackets
if we do include the number.

7. If 0 <z < 3 determine a and b for the inequality : a <4z +1<b

Hint

Can you make the middle part of the first inequality look like the middle part of the second
inequality?
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This problem is really the reverse of the previous problems in this section. In the previous
problems we started with something like the second inequality (of course we also had
numbers in the two outer portions instead of ¢ and b) and we had to manipulate it to get the
x by itself in the middle.

The process here is basically the same just in reverse. We need to do algebraic manipu-
lations to make the middle part of the first inequality look like the middle part of the second
manipulation. The only real difference is that with the solving problems we added/sub-
tracted the number before we dealt with the coefficient of the x. Here we need to get the
coefficient on the = before we get the number.

So, the first thing we’ll do is multiply all three parts of the first inequality by 4. This gives,

0(4) <4x <3(4) = 0<4zr<12

Now all we need to do is add one to all three parts.

1<4x+1<13

Comparing this inequality in the second step to the second inequality in the problem state-

ment we can see that we must have[ a=1 and b=13
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2.12 Polynomial Inequalities

1. Solve the following inequality.
u? + du > 21

The first thing we need to do is get a zero on one side of the inequality and then, if possible,
factor the polynomial.

w2+ 4u—21>0
(u+7)(u—3)>0

Hint

Where are the only places where the polynomial might change signs?

Despite the fact that this is an inequality we first need to know where the polynomial is zero.
From the factored from we can quickly see that the polynomial will be zero at,

Remember that these points are important because they are the only places where the
polynomial on the left side of the inequality might change sign. Given that we want to
know where the polynomial is zero (which we now know) or positive knowing where the
polynomial might change sign will help considerably with determining the answer we’re
looking for.

Hint

Knowing that the polynomial can only change sign at the points above how can we quickly
determine if the polynomial is positive or negative in the ranges between those points?

Recall from the discussion in the notes for this section that because the points from the
previous step are the only places where the polynomial might change sign we can quickly
determine if the polynomial is positive/negative in the ranges between each of these points
simply by plugging in “test points” from each region into the polynomial to check the sign.
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So, let’s sketch a quick number line with the points where the polynomial is zero graphed
on it. We'll also show the test point computations on the number line as well. Here is the

number line.
[ [
$=—0 [ =1 [ =4
[—1)[—11) =0 | [?)[—3) <0 I [1])[1) =0
| I
| I
4 44—
-0 -9 -§ -7 -§ -5 -4 -3 -2 -1 0 1 2 3 4 5 &

All we need to do now is get the solution from the number line in the previous step. Here
is both the inequality and interval notation from of the answer.

uw< -7 and u >3
(—oc0,—7] and [3,00)

2. Solve the following inequality.
22+ 8x+12<0

The first thing we need to do is get a zero on one side of the inequality (which is already
done for this problem) and then, if possible, factor the polynomial.

(x4+6)(x+2)<0

Hint

Where are the only places where the polynomial might change signs?
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Despite the fact that this is an inequality we first need to know where the polynomial is zero.
From the factored from we can quickly see that the polynomial will be zero at,

Remember that these points are important because they are the only places where the
polynomial on the left side of the inequality might change sign. Given that we want to know
where the polynomial is negative knowing where the polynomial might change sign will help
considerably with determining the answer we’re looking for.

Hint

Knowing that the polynomial can only change sign at the points above how can we quickly
determine if the polynomial is positive or negative in the ranges between those points?

Recall from the discussion in the notes for this section that because the points from the
previous step are the only places where the polynomial might change sign we can quickly
determine if the polynomial is positive/negative in the ranges between each of these points
simply by plugging in “test points” from each region into the polynomial to check the sign.

So, let’s sketch a quick number line with the points where the polynomial is zero graphed
on it. We'll also show the test point computations on the number line as well. Here is the
number line.

x=—4
(2)(-2) <0

All we need to do now is get the solution from the number line in the previous step. Here
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is both the inequality and interval notation from of the answer.

—6<xr< -2
(_6a _2)

3. Solve the following inequality.
412 <15 — 17t

The first thing we need to do is get a zero on one side of the inequality and then, if possible,
factor the polynomial.

42 +17t—15<0
(t+5) (4t —3) <0

Hint

Where are the only places where the polynomial might change signs?

Despite the fact that this is an inequality we first need to know where the polynomial is zero.
From the factored from we can quickly see that the polynomial will be zero at,

Remember that these points are important because they are the only places where the
polynomial on the left side of the inequality might change sign. Given that we want to
know where the polynomial is zero (which we now know) or negative knowing where the
polynomial might change sign will help considerably with determining the answer we’re
looking for.

Hint

Knowing that the polynomial can only change sign at the points above how can we quickly
determine if the polynomial is positive or negative in the ranges between those points?
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Recall from the discussion in the notes for this section that because the points from the
previous step are the only places where the polynomial might change sign we can quickly
determine if the polynomial is positive/negative in the ranges between each of these points
simply by plugging in “test points” from each region into the polynomial to check the sign.

So, let’s sketch a quick number line with the points where the polynomial is zero graphed
on it. We'll also show the test point computations on the number line as well. Here is the
number line.

i=—h : i=0 : i=1
(-1)(=27) >0 | (5)(~3) <0 N GIVED
: I
| | | | | | | | [ | | |
_7 —Ifs —Ij —'4 —'3 —'1 —'1 [I:' 1I JI, 3I

All we need to do now is get the solution from the number line in the previous step. Here
is both the inequality and interval notation from of the answer.
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4. Solve the following inequality.
22 434> 12z

The first thing we need to do is get a zero on one side of the inequality and then, if possible,
factor the polynomial.
22— 122 434> 0

In this case the polynomial doesn’t factor.

Hint

Where are the only places where the polynomial might change signs?

Despite the fact that this is an inequality we first need to know where the polynomial is zero.
Because the polynomial didn’t factor we’'ll need to use the quadratic formula to determine
where it's zero.

124 ,/144-4(1)(34)  124+8
= 2(1) -2

z = 4.5858, 7.4142

We’'ll need these points in decimal form to make the rest of the problem easier.

Remember that these points are important because they are the only places where the
polynomial on the left side of the inequality might change sign. Given that we want to know
where the polynomial is positive knowing where the polynomial might change sign will help
considerably with determining the answer we’re looking for.

Hint

Knowing that the polynomial can only change sign at the points above how can we quickly
determine if the polynomial is positive or negative in the ranges between those points?

Recall from the discussion in the notes for this section that because the points from the
previous step are the only places where the polynomial might change sign we can quickly
determine if the polynomial is positive/negative in the ranges between each of these points
simply by plugging in “test points” from each region into the polynomial to check the sign.
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So, let’s sketch a quick number line with the points where the polynomial is zero graphed
on it. We'll also show the test point computations on the number line as well. Here is the
number line.

r ~

z=3
2 -12(8)+34 =0

z=4
42— 12(4)+34 50

ba
7]
e
[
[=4]
a
-]
h=
=

All we need to do now is get the solution from the number line in the previous step. Here
is both the inequality and interval notation from of the answer.

2 <4588 and > 7.4142
(—00,4.5858)  and (7.4142, c0)

5. Solve the following inequality.
y? —2y+1<0

The first thing we need to do is get a zero on one side of the inequality (which is already
done for this problem) and then, if possible, factor the polynomial.

(y—1°<0

Hint

Where are the only places where the polynomial might change signs?
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Despite the fact that this is an inequality we first need to know where the polynomial is zero.
From the factored from we can quickly see that the polynomial will be zero at,

y=1

Hint

Is it possible for the polynomial to ever be negative?

This problem works a little differently than the others in this section. Because the polynomial
is a perfect square we know that it can never be negative! It is only possible for it to be
zero or positive.

We are being asked to determine where the polynomial is negative or zero. As noted
however it isn’'t possible for it to be negative. Therefore the only solution we can get for this
inequality is where it is zero and we found that in the previous step.

The answer is then,
y=1

In this case the answer is a single number and not an inequality. This happens on occasion
and we shouldn’t worry about these kinds of “unusual” answers.

6. Solve the following inequality.
12 —12t2 <0

The first thing we need to do is get a zero on one side of the inequality (which is already
done for this problem) and then, if possible, factor the polynomial.

(2 +t-12) <0
2(t+4)(t—-3) <0

Hint

Where are the only places where the polynomial might change signs?
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Despite the fact that this is an inequality we first need to know where the polynomial is zero.
From the factored from we can quickly see that the polynomial will be zero at,

Remember that these points are important because they are the only places where the
polynomial on the left side of the inequality might change sign. Given that we want to know
where the polynomial is negative knowing where the polynomial might change sign will help
considerably with determining the answer we’re looking for.

Hint

Knowing that the polynomial can only change sign at the points above how can we quickly
determine if the polynomial is positive or negative in the ranges between those points?

Recall from the discussion in the notes for this section that because the points from the
previous step are the only places where the polynomial might change sign we can quickly
determine if the polynomial is positive/negative in the ranges between each of these points
simply by plugging in “test points” from each region into the polynomial to check the sign.

So, let’s sketch a quick number line with the points where the polynomial is zero graphed
on it. We'll also show the test point computations on the number line as well. Here is the
number line.

i
-
b

Be careful with the first term in the factored form when plugging in the test points! It is
squared and so will always be positive regardless of the sign of the test points. One of
the bigger mistakes that students make with this kind of problem is to miss the square and
treat that term as negative when plugging in a negative test point.
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All we need to do now is get the solution from the number line in the previous step. Here
is both the inequality and interval notation from of the answer.

—4<t<O0 and 0<t<3
(-4,0) and (0,3)

Be careful with your answer here and don’t include ¢ = 0! It might be tempting to do that
to “simplify” the answer into a single inequality/interval but the polynomial is zero at ¢t = 0
and we only want to know where the polynomial is negative! Therefore we cannot include
t = 0 in our answer and we’ll need to write it as two inequalities/intervals.
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2.13 Rational Inequalities

1. Solve the following inequality.
14—z

r+3

The first thing we need to do is get a zero on one side of the inequality and then, if possible,
factor the numerator and denominator as much as possible.

For this problem we already have zero on one side of the inequality and there is no factoring
to do with the problem.

Hint

Where are the only places where the rational expression might change signs?

Recall from the discussion in the notes for this section that the rational expression can only
change sign where the numerator is zero and/or where the denominator is zero.

We can see that the numerator will be zero at,
r=4

and the denominator will be zero at,

Hint

Knowing that the rational expression can only change sign at the points above how can we
quickly determine if the rational expression is positive or negative in the ranges between
those points?

Just as we did with polynomial inequalities all we need to do is check the rational expres-
sion at test points in each region between the points from the previous step. The rational
expression will have the same sign as the sign at the test point since it can only change
sign at those points.
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Here is a sketch of a number line with the points from the previous step graphed on it. We'll
also show the test point computations on the number line as well. Here is the number line.

|
(=41
|
[
|
FE
|
%]
|
()
|
[
o
[
b
]

All we need to do now is get the solution from the number line in the previous step. Here
is both the inequality and interval notation from of the answer.

JI<xr<4
(_374)

2. Solve the following inequality.
2z —9
<

z—=T —

The first thing we need to do is get a zero on one side of the inequality and then, if possible,
factor the numerator and denominator as much as possible.

For this problem we already have zero on one side of the inequality and there is no factoring
to do with the problem.

Hint

Where are the only places where the rational expression might change signs?
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Recall from the discussion in the notes for this section that the rational expression can only
change sign where the numerator is zero and/or where the denominator is zero.

We can see that the numerator will be zero at,

and the denominator will be zero at,

Hint

Knowing that the rational expression can only change sign at the points above how can we
quickly determine if the rational expression is positive or negative in the ranges between
those points?

Just as we did with polynomial inequalities all we need to do is check the rational expres-
sion at test points in each region between the points from the previous step. The rational
expression will have the same sign as the sign at the test point since it can only change
sign at those points.

Here is a sketch of a number line with the points from the previous step graphed on it. We'll
also show the test point computations on the number line as well. Here is the number line.

I [
Z:2 | Z=5 | Z=8
—_ | [
—1::-0 i-::Cl E}D
-5 | — [ 1
| [
—
] 1 2 3 4 3 6 7 3 9 10

All we need to do now is get the solution from the number line in the previous step. Here
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is both the inequality and interval notation from of the answer.

(IR
IN
w

—
N | Ot
-3
~— A

Be careful with the endpoints for this problem. Because we have an equal sign in the
original inequality we need to include z = % because the numerator and hence the rational
expression will be zero there. However, we can’t include z = 7 because the denominator
is zero there and so the rational expression has division by zero at that point!

3. Solve the following inequality.
w? + 5w — 6
w— 3

The first thing we need to do is get a zero on one side of the inequality and then, if possible,
factor the numerator and denominator as much as possible.

For this problem we already have zero on one side of the inequality but we do need to

factor the numerator.
(w+6) (w—1)

w—3

>0

Hint

Where are the only places where the rational expression might change signs?

Recall from the discussion in the notes for this section that the rational expression can only
change sign where the numerator is zero and/or where the denominator is zero.

We can see that the numerator will be zero at,
w=—6 w=1

and the denominator will be zero at,
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Hint

Knowing that the rational expression can only change sign at the points above how can we
quickly determine if the rational expression is positive or negative in the ranges between
those points?

Just as we did with polynomial inequalities all we need to do is check the rational expres-
sion at test points in each region between the points from the previous step. The rational
expression will have the same sign as the sign at the test point since it can only change
sign at those points.

Here is a sketch of a number line with the points from the previous step graphed on it. We'll
also show the test point computations on the number line as well. Here is the number line.

I w="2 1 I
=7 =4
W [ o I:B [1) .::U\I\‘ | W
-ni=8) "= 1 ' L (10)(3)
<[ =0
10 I (6)(-1) 0 | | 1
| _3 I |
Y
- -8 -7 -6 -3 -4 -3 -2 -1 0 1 2 3 4 5 6

All we need to do now is get the solution from the number line in the previous step. Here
is both the inequality and interval notation from of the answer.

—-6<w<1 and w >3
[-6,1] and (3,00)

Be careful with the endpoints for this problem. Because we have an equal sign in the
original inequality we need to include w = —6 and w = 1 because the numerator and
hence the rational expression will be zero there. However, we can’tinclude w = 3 because
the denominator is zero there and so the rational expression has division by zero at that
point!
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4. Solve the following inequality.
3z + 8

< =2
r—1

The first thing we need to do is get a zero on one side of the inequality and then, if possible,
factor the numerator and denominator as much as possible.

So, we first need to add 2 to both sides to get,

3r+8

r—1

+2<0

We now need to combine the two terms in to a single rational expression.

3r+8 2(x—1)

<0

r—1 r—1

3r+ 8+ 2x — 2
<0

r—1

5 6
T+ <0

r—1

At this point we can also see that factoring will not be needed for this problem.

Hint

Where are the only places where the rational expression might change signs?

Recall from the discussion in the notes for this section that the rational expression can only
change sign where the numerator is zero and/or where the denominator is zero.

We can see that the numerator will be zero at,

and the denominator will be zero at,

Hint

Knowing that the rational expression can only change sign at the points above how can we
quickly determine if the rational expression is positive or negative in the ranges between
those points?
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Just as we did with polynomial inequalities all we need to do is check the rational expres-
sion at test points in each region between the points from the previous step. The rational
expression will have the same sign as the sign at the test point since it can only change
sign at those points.

Here is a sketch of a number line with the points from the previous step graphed on it. We'll
also show the test point computations on the number line as well. Here is the number line.

x=2
16
o

|
|
T

[
]
den

All we need to do now is get the solution from the number line in the previous step. Here
is both the inequality and interval notation from of the answer.

6
——<zr<l

B
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5. Solve the following inequality.

The first thing we need to do is get a zero on one side of the inequality and then, if possible,
factor the numerator and denominator as much as possible.

So, we first need to get zero on one side of the inequality.

<0

u_u—3

We now need to combine the two terms in to a single rational expression.

u(u—3) 4 <0
u—3 u—3
2 _ _

U 3u 4<0

u—3 -

Finally, we need to factor the numerator.

CRLIUES)

Hint

Where are the only places where the rational expression might change signs?

Recall from the discussion in the notes for this section that the rational expression can only
change sign where the numerator is zero and/or where the denominator is zero.

We can see that the numerator will be zero at,
u=-—1 u=4

and the denominator will be zero at,
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Hint

Knowing that the rational expression can only change sign at the points above how can we
quickly determine if the rational expression is positive or negative in the ranges between
those points?

Just as we did with polynomial inequalities all we need to do is check the rational expres-
sion at test points in each region between the points from the previous step. The rational
expression will have the same sign as the sign at the test point since it can only change
sign at those points.

Here is a sketch of a number line with the points from the previous step graphed on it. We'll
also show the test point computations on the number line as well. Here is the number line.

| I [ u=35
w=mz “=0 ' /(—05)(45)
—6)(- | - I |——=—— <0 _
| | | e .,
2
l | | | | | | | | l | l
-3 -1 -1 0 1 2 3 4 5 6 7 3

All we need to do now is get the solution from the number line in the previous step. Here
is both the inequality and interval notation from of the answer.

u<-1 and 3<u<4
(—oc0,—1]  and (3,4]

Be careful with the endpoints for this problem. Because we have an equal sign in the
original inequality we need to include u = —1 and u = 4 because the numerator and hence
the rational expression will be zero there. However, we can’t include v = 3 because the
denominator is zero there and so the rational expression has division by zero at that point!

6. Solve the following inequality.
3 — 6t2
t—2

>0
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The first thing we need to do is get a zero on one side of the inequality and then, if possible,
factor the numerator and denominator as much as possible.

We already have zero on one side of the inequality but we still need to factor the numerator.

2 (t — 6)

>0
t—2

Hint

Where are the only places where the rational expression might change signs?

Recall from the discussion in the notes for this section that the rational expression can only
change sign where the numerator is zero and/or where the denominator is zero.

We can see that the numerator will be zero at,

and the denominator will be zero at,

Hint

Knowing that the rational expression can only change sign at the points above how can we
quickly determine if the rational expression is positive or negative in the ranges between
those points?

Just as we did with polynomial inequalities all we need to do is check the rational expres-
sion at test points in each region between the points from the previous step. The rational
expression will have the same sign as the sign at the test point since it can only change
sign at those points.

Here is a sketch of a number line with the points from the previous step graphed on it. We'll
also show the test point computations on the number line as well. Here is the number line.
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| [ [
i=-1 | i=1 I (=3 | i=7
VD, W, @, 0 o,
-3 o I 1 | 5
| | |
l | | | | | | | | l | l
-2 -1 0 1 2 3 4 5 6 7 8 9
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All we need to do now is get the solution from the number line in the previous step. Here
is both the inequality and interval notation from of the answer.

t <0, 0<t<?2 and t>06
(_0070) ) (012) and (6700)

Be careful to not include ¢ = 0 in the answer! It might be tempting to “simplify” the first two
inequalities in our answer into a single inequality. However, we're looking for where the
rational expression is positive only and at ¢t = 0 the rational expression is zero and so we
need to exclude ¢t = 0 from our answer.
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2.14 Absolute Value Equations

1. Solve the following equation.
|4p — 7| =3

There really isn’t all that much to this problem. All we need to do is use the formula we
discussed in the notes for this section. Doing that gives,

4p—T=-3 or 4dp-T7=3

Do not make the common mistake of just turning every minus sign inside the absolute value
bars into a plus sign. That is just not how these work. The only way for the value of the
absolute value to be 3 is for the quantity inside to be either -3 or 3. In other words, we get
rid of the absolute value bars by using the formula from the notes.

At this point all we need to do is solve each of the linear equations we got in the previous
step. Doing that gives,

dp=4 or 4p =10
_1 or _10_5
b= P="y =3
. 5
The two solutions are then : p=1 andp:5

2. Solve the following equation.
2 —4z| =1

There really isn’t all that much to this problem. All we need to do is use the formula we
discussed in the notes for this section. Doing that gives,

2—4r=-1 or 2—-4xr=1

Do not make the common mistake of just turning every minus sign inside the absolute value
bars into a plus sign. That is just not how these work. The only way for the value of the
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rid of the absolute value bars by using the formula from the notes.

At this point all we need to do is solve each of the linear equations we got in the previous
step. Doing that gives,
—4r =-3 or —4r =-1
x = 3 or x =
=3 =
: 1 3
The two solutions are then : z= andz = — .

absolute value to be 1 is for the quantity inside to be either -1 or 1. In other words, we getJ

| =

3. Solve the following equation.
6u = |1 + 3u|

Hint

Just because the quantity outside of the absolute value bars in not a number does not mean
this problem works any differently. Just remember to be careful with your answers!

Despite the fact that the quantity outside of the absolute value bars is not a positive number
doesn’t mean that we can’t use the same process that we used in the first two problems.

Using the formula from the notes gives,

1+ 3u=—6u or 1+ 3u = 6u

Now solving each these linear equations gives,

1+ 3u=—6u or 1+ 3u=6u

1=-9u or 1=3u
1 or 1
u=——= u= -
9 3
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Now, because the quantity outside of the absolute value bars was not a positive constant
we need to be careful with the answers we got in the previous step. It is possible that one
or both are not in fact solutions to the original equation. So, we need to verify each of the
possible solutions from the previous step by checking them in the original equation.

2 6(-s)thes(-2) - 22
Y=y 9) " 9 3

1 :
1+3<3>‘ & 2<% & 2=2 OK

2 2 2
2 —2 42 NOTOK
3‘ — 3;&3 OoTO

W =

Therefore, the only solution to the original equation is then : U=

4. Solve the following equation.
20 -3|=4—2

Hint

Just because the quantity outside of the absolute value bars in not a number does not mean
this problem works any differently. Just remember to be careful with your answers!

Despite the fact that the quantity outside of the absolute value bars is not a positive number
doesn’t mean that we can’t use the same process that we used in the first two problems.

Using the formula from the notes gives,

2r—-3=—4d—z)=x—-4 o 2x—-3=4-—=x

Now solving each these linear equations gives,
20 —3=x—4 o 2r—-3=4-—=z
r=-—1 or 3xr =

r=—1 or x
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Now, because the quantity outside of the absolute value bars was not a positive constant
we need to be careful with the answers we got in the previous step. It is possible that one
or both are not in fact solutions to the original equation. So, we need to verify each of the
possible solutions from the previous step by checking them in the original equation.

r=-1: [2(-1)-3/Z4—(-1) — |-5|=5 — 5=5 OK

7 7 , 7 5
ey 0 glia (L 0
=5 k()-() - f

Therefore, the two solutions to the original equation are then : r=-1 and z= g

?

5. Solve the following equation.

2

1
z+4‘:|4z—6|

Hint

This problem works the same as all the others in this section do.

This problem works identically to all the problems in this section. The only way the two
absolute values can be equal is if the quantities inside them are the same value or the
same value except for opposite signs. Doing this gives,

1 1
§z+4:f(4zf6):6f4z or §z+4:4276

In other words, we can use the formula discussed in this section to do this problem!
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Now solving each these linear equations gives,

1 1
§z+4:6—4z or §z+4:4z—6

9222 or —zz: -10

2 2
_ 2
T

z = or z

O =

Now, because both sides of the equation have absolute values, we know that regardless
of the value of = we plug into the original equation the absolute value will guarantee that
the result will be positive and so we don’t need to verify either of these solutions.

Therefore, the two solutions to the original equation are then : =3 and z=—

6. Find all the real valued solutions to the equation.

}xQ + 2x| =15

Hint

Don't let the fact that there is a quadratic term in the absolute value throw you off. This
problem works exactly the same as the previous problems!

To this point we’'ve only worked problems that have linear terms in the absolute value bars.
In this case we have a quadratic in the absolute value bars. That doesn’t change how the
problem works however. We work this exactly like the previous problems.

Applying the formula from this section gives,

22 422 = —15 or 22+ 22 =15

To finish this problem all we need to do is solve each of the quadratic equations we got in
the previous step.
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Here is the solution to the first one given above.

22+ 22 = —15

—24+/4-4(1)(1 — i
2 +20+15=0 — 2= 2(1)()(5): 2i2\/%z

Note that the instructions asked for “real valued solutions”. This basically means that we
don’t want complex solutions and the solutions to the first quadratic are clearly complex
and so we won'’t use them in our solution.

The solution to the second quadratic is,

22 4+2x—15=0
(x+5)(x—3)=0 — x=-5 =3

Both of these are real solutions and so are acceptable solutions.

Therefore, the two solutions to the original equation are then : r=-5 and z=3

7. Find all the real valued solutions to the equation.
‘xz =+ 4‘ =1

Hint

Don't let the fact that there is a quadratic term in the absolute value throw you off. This
problem works exactly the same as the previous problems!

To this point we’ve only worked problems that have linear terms in the absolute value bars.
In this case we have a quadratic in the absolute value bars. That doesn’t change how the
problem works however. We work this exactly like the previous problems.

Applying the formula from this section gives,

To finish this problem all we need to do is solve each of the quadratic equations we got in
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the previous step. Here is the solution to each of them.

22+4=-1 = 22=-5 =  z=+V5i
224r4=1 = 22=-3 = =43

Note that the instructions asked for “real valued solutions”. This basically means that we
don’t want complex solutions and the solutions to both of the quadratic equations from the
first step are complex and so, for this equation, there are no solutions.
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2.15 Absolute Value Inequalities

1. Solve the following equation.
|4t +9] < 3

There really isn’t all that much to this problem. All we need to do is use the formula for “less
than” inequalities we discussed in the notes for this section. Doing that gives,

-3 <4t+9<3

-~

To get the solution all we need to do then is solve the double inequality from the previous

step. Here is that work.
-3 <4t+9<3

—12 <4t < -6

3
—3I<t< —=
2

-~

2. Solve the following equation.
|6 — 5z < 10

There really isn’t all that much to this problem. All we need to do is use the formula for “less
than” inequalities we discussed in the notes for this section. Doing that gives,

-10<6 -5z <10

-~

To get the solution all we need to do then is solve the double inequality from the previous

step. Here is that work.
—-10<6—-5x <10

—-16 < -5z <4
16> S 4
s>
5~ 7 5

—_—
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Remember that when dividing all parts of an inequality by a negative number (as we did
here) we need to also switch the direction of the inequalities!

-~

3. Solve the following equation.
122 +1] < -9

There is no solution to this inequality.

We know that absolute value will only give positive or zero answers and so this inequality is
asking what values of z will give a value on the left side (after taking the absolute value of
course) that is less than a -9. In other words, any solution requires that the absolute value
give a negative number and we know that can’t happen. Therefore, there are no solutions
to this inequality. This kinds of thing happens occasionally so don’t get too excited about it
when it does.

-~

4. Solve the following equation.
2w -1 <1

There really isn’t all that much to this problem. All we need to do is use the formula for “less
than” inequalities we discussed in the notes for this section. Doing that gives,

—1<2w-1<1

.~

To get the solution all we need to do then is solve the double inequality from the previous
step. Here is that work.
-1<2w—-1<1

0<2w<?2

O<w<l1

5. Solve the following equation.
|22 =7 > 1
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“greater than” inequalities we discussed in the notes for this section. Doing that gives,

There really isn’t all that much to this problem. All we need to do is use the formula for
22 —-7T< —1 or 2z—-T7>1

22 <6 or 2z > 8

z <3 or z>4

To get the solution all we need to do then is solve the two inequalities from the previous
step. Here is that work.
22—7T< -1 or 2z—-T7>1

6. Solve the following equation.
|10 — 3w| > 4

“greater than” inequalities we discussed in the notes for this section. Doing that gives,

There really isn’t all that much to this problem. All we need to do is use the formula for
10-3w<—-4 o 10-3w>4

To get the solution all we need to do then is solve the two inequalities from the previous
step. Here is that work.

10-3w <-4 or 10—3w >4
3w < —-14 or — 3w > —6

14
wzg or w < 2

Remember that when dividing all parts of an inequality by a negative number (as we did
here) we need to also switch the direction of the inequalities!

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions -168 —



Chapter 2 : Solving Section 2.15 : Absolute Value Inequalities

7. Solve the following equation.
|4 —3z| > 7

There really isn’t all that much to this problem. All we need to do is use the formula for
“greater than” inequalities we discussed in the notes for this section. Doing that gives,

4—-3z< -7 or 4—-32>7

To get the solution all we need to do then is solve the two inequalities from the previous
step. Here is that work.

4 —3z< -7 or 4—32>7
-3z < —11 or —3z>3

11
z>§ or z< —1

Remember that when dividing all parts of an inequality by a negative number (as we did
here) we need to also switch the direction of the inequalities!
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3 Graphing and Functions

In this chapter we will be introducing two topics that are very important in an algebra class. We will
start off the chapter with a brief discussion of graphing including graphing lines and circles. This is
not really the main topic of this chapter, but we need the basics down before moving into the second
topic of this chapter. The next chapter will contain the remainder of the graphing discussion.

The second topic that we’ll be looking at is that of functions. This is probably one of the more impor-
tant ideas that will come out of an Algebra class. When first studying the concept of functions many
students don’t really understand the importance or usefulness of functions and function notation.
The importance and/or usefulness of functions and function notation will only become apparent in
later chapters and later classes. In fact, there are some topics that can only be done easily with
function and function notation.

We’'ll discuss the formal definition of a function, how to graph functions and the various ways to
combine functions. We'll also introduce the idea of an inverse function.

The following sections are the practice problems, with solutions, for this material.
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3.1 Graphing

1. Construct a table of at least 4 ordered pairs of points on the graph of the following equation and
use the ordered pairs from the table to sketch the graph of the equation.

y=3x+4

Hint

If you don’t know what the graph of a given equation is it can be very difficult to determine a
good selection of values of = to use to construct the table. For this equation try a selection
of at least a couple of points to either side of zero (maybe even including zero).

It is always a little difficult to know just what a good selection of values of x to use to
determine the ordered pairs we will use to sketch the graph of an equation if you don’t
know just what the graph looks like. Eventually you'll do enough problems that you'll start
to develop some intuition on just what good values to try are for many equations.

For this equation a selection of points on either side of zero should be sufficient to get an
idea of what the graph of this equation looks like. We’ll also include zero for no other reason
that it will give an extra point on the graph.

Here is the table of points we’ll use for this problem.

Ty (z,y)
—2 =2 (-2,-2)
“1| 1| (-1,1)
0| 4| (0,4
17 @
10 | (2,10)

We'll leave the actual computations to you to verify but recall that all we do is take the = and
plug it into the equation to determine the corresponding y value and then form the ordered
pair for the = and its corresponding y value.
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Here is a sketch of the equation.

2. Construct a table of at least 4 ordered pairs of points on the graph of the following equation and
use the ordered pairs from the table to sketch the graph of the equation.

yzl—x2

Hint

If you don’t know what the graph of a given equation is it can be very difficult to determine a
good selection of values of x to use to construct the table. For this equation try a selection
of at least a couple of points to either side of zero (maybe even including zero).

It is always a little difficult to know just what a good selection of values of = to use to
determine the ordered pairs we will use to sketch the graph of an equation if you don’t
know just what the graph looks like. Eventually you'll do enough problems that you'll start
to develop some intuition on just what good values to try are for many equations.

For this equation a selection of points on either side of zero should be sufficient to get an
idea of what the graph of this equation looks like. We’ll also include zero for no other reason
that it will give an extra point on the graph.

Here is the table of points we’ll use for this problem.
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Ty (z,9)
—4 ] =15 [ (—4,-15)
2| =3 | (~2,-3)
0| 1 (0,1)
2 | 3| (2,-3)
4 | —15 | (4,-15)

We’'ll leave the actual computations to you to verify but recall that all we do is take the x and
plug it into the equation to determine the corresponding y value and then form the ordered
pair for the x and its corresponding y value.

Here is a sketch of the equation.

((0.1)
1 1 1 =" | 1 1 1 e
S R T | T N 3 4
o o a-3F
A2, =3 L -
/ I[ : ) _5 5 [2’ 3) “\\K‘
.r'f okl __ \\
.f’rI N \
/ 11| \
/ -131 \
f#.![—4,—15) :if' N [4,—15)\‘&
/ L ',

3. Construct a table of at least 4 ordered pairs of points on the graph of the following equation and
use the ordered pairs from the table to sketch the graph of the equation.

y=2++z

Hint

If you don’t know what the graph of a given equation is it can be very difficult to determine
a good selection of values of x to use to construct the table. For this equation remember
where the square root is defined and remember that we want to evaluate the equation so
pick values of = that will make this easy.
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It is always a little difficult to know just what a good selection of values of x to use to
determine the ordered pairs we will use to sketch the graph of an equation if you don’t
know just what the graph looks like. Eventually you’ll do enough problems that you’ll start
to develop some intuition on just what good values to try are for many equations.

For this equation we need to recall that we can only plug positive values of x or zero into
the square root so we’ll need to avoid negatives values of x. Also, because we want to
actually be able to quickly evaluate the square root and get values of y that will be easy to
graph we’ll stick with perfect squares for our choices of z.

Here is the table of points we’ll use for this problem.

z y (z,y)
027102
13| (1,3)
404 (4,4
915 (9,5)

We'll leave the actual computations to you to verify but recall that all we do is take the x and
plug it into the equation to determine the corresponding y value and then form the ordered
pair for the x and its corresponding y value.

Here is a sketch of the equation.

.
v e
3 Y5
)
3F 13)
240, 2)
1
| | | 1 | | | | | | x
1 2 3 4 3 6 7 8 ] 10
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4. Determine the z-intercepts and the y-intercepts for the following equation.

3z — Ty =10

Recall that in order to find the y-intercept all we need to do is plug x = 0 into the equation
and solve for y. Doing that for this equation gives,

3(0) =7y =10
—Ty =10
10
v=-7

The y-intercept for this equation is then the point : (0, —1) .

Finding the z-intercept is similar to the y-intercept. All we do is plug in ¥ = 0 and solve for
z. Doing that for this equation gives,

3z —7(0) =10
3z =10
10

T3

The z-intercept for this equation is then the point : (%, 0) .

5. Determine the z-intercepts and the y-intercepts for the following equation.

y:6—332

Recall that in order to find the y-intercept all we need to do is plug x = 0 into the equation
and solve for y. Doing that for this equation gives,

The y-intercept for this equation is then the point: (0,6) .
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Finding the z-intercept is similar to the y-intercept. All we do is plug in ¥ = 0 and solve for
x. Doing that for this equation gives,

0=06— a2
22 =6
x::t\/é

The z-intercepts for this equation are then the two points : (—/6,0) and (1/6,0) .

6. Determine the z-intercepts and the y-intercepts for the following equation.

y=a’+6x—7

Recall that in order to find the y-intercept all we need to do is plug x = 0 into the equation
and solve for y. Doing that for this equation gives,

y=(0%+60)—-7
y=—7

The y-intercept for this equation is then the point : (0, —7) .

Finding the z-intercept is similar to the y-intercept. All we do is plug in y = 0 and solve for
x. Doing that for this equation gives,

0=a’+6z—7
0=(x+7)(x—1) = zx=-7 z=1

The z-intercepts for this equation are then the two points : (—7,0) and (1,0) .

7. Determine the z-intercepts and the y-intercepts for the following equation.

y:$2+10
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Recall that in order to find the y-intercept all we need to do is plug x = 0 into the equation
and solve for y. Doing that for this equation gives,

y = (0)*+10
y =10

The y-intercept for this equation is then the point : (0, 10) .

R

Finding the z-intercept is similar to the y-intercept. All we do is plug in ¥ = 0 and solve for
x. Doing that for this equation gives,

0=22+10
z? = —10
r=4v—10 = V10

Because we got complex solutions to this equation we know that this equation has no
xz-intercepts.

R

8. Determine the z-intercepts and the y-intercepts for the following equation.

y = 2° + 6z + 58

Recall that in order to find the y-intercept all we need to do is plug = 0 into the equation
and solve for y. Doing that for this equation gives,

y = (0)> +6(0) + 58
y = 58

The y-intercept for this equation is then the point : (0, 58) .

Finding the z-intercept is similar to the y-intercept. All we do is plug in y = 0 and solve for

—_—
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z. Doing that for this equation gives,

0 =22+ 6z + 58

—6+/62—4(1)(58) —64++/—196 —6+14i
Xr = =
2(1) 2 2

=37

Because we got complex solutions to this equation we know that this equation has no
z-intercepts.

9. Determine the z-intercepts and the y-intercepts for the following equation.

y=(x+3)7—8

Recall that in order to find the y-intercept all we need to do is plug = 0 into the equation
and solve for y. Doing that for this equation gives,

y=(0+3)7%-8
y=1

The y-intercept for this equation is then the point: (0,1) .

Finding the z-intercept is similar to the y-intercept. All we do is plug in ¥ = 0 and solve for
x. Doing that for this equation gives,

0=(z+3)°-8
(z+3)*=8
T+3=4V8
z=-3+8

The z-intercepts for this equation are then the two points : (—3 — 1/8,0) and (—3 + /8,0).

Don’t worry about the “messy” answers here. This kind of intercept will show up occasion-
ally so we need to be able to deal with them when they do.
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3.2Lines

1. Determine the slope of the line containing the two points below and sketch the graph of the line.

(—=2,4), (1,10)

Let’s find the slope of the line. We'll let the first point listed above be the point (x1,y1)
and the second point listed be the point (x3,y2) in the slope formula. Note that it doesn’t
really matter which point is which. All that matters is that you stay consistent when you plug
values into the formula.

Here’s the slope.

~10-4 6 5
T2 3
Here is a sketch of the line.
}I
12
- L1y -
10 e
(0.8) gl e
- | Run=1
.-"fﬂ; 6
.-'--H-F'-FFH-FF
(-2,4) _— |
;f"; 4
.
| | | | 1 1 1 |
—-23 -2 -1.3 -1 -3 0.3 1 1.3

We’ve included an extra point, (0, 8), to help illustrate the slope we computed in Step 1.
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2. Determine the slope of the line containing the two points below and sketch the graph of the line.

(8,2), (14,-17)

Let’s find the slope of the line. We'll let the first point listed above be the point (z1, 1)
and the second point listed be the point (z2,y2) in the slope formula. Note that it doesn’t
really matter which point is which. All that matters is that you stay consistent when you plug
values into the formula.

Here’s the slope.

Here is a sketch of the line.

( Y

/
/
/
/

N LI DL L B B L
/

[ .

[TTTT 7T
,-';

We’ve included an extra point, (6,5), to help illustrate the slope we computed in Step 1.
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3. Write down the equation of the line that passes through the following two points. Give your
answer in point-slope form and slope-intercept form.

(—2,4), (1,10)

We'll need the slope of the line in order to write down the equation of the line. We'll let the
first point listed above be the point (z1,y1) and the second point listed be the point (z2, y2)
in the slope formula. Note that it doesn’t really matter which point is which. All that matters
is that you stay consistent when you plug values into the formula.

m—=— ——— — — 2
1-(-2) 3

Here’s the slope.

We’ll use the point-slope form to write down the equation of the line. This requires a single
point and we can use either of the points from the problem statement.

Either will give an acceptable answer here. We’'ll give both possible answers for the point-
slope form.

(—=2,4) : y=4+4+2(z—(-2)) = y=4+2(x+2)

(1,10) : y=10+2(x —1)

To get the answer in slope-intercept form all we need to do is take one of the answers from
Step 2 and distribute the slope through the parenthesis and simplify. You will get the same
answer regardless of which one you chose to use.

==

Doing this gives,

4. Write down the equation of the line that passes through the following two points. Give your
answer in point-slope form and slope-intercept form.

(8,2), (14,-7)
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We’ll need the slope of the line in order to write down the equation of the line. We’'ll let the
first point listed above be the point (z1, 1) and the second point listed be the point (z2, y2)
in the slope formula. Note that it doesn’t really matter which point is which. All that matters
is that you stay consistent when you plug values into the formula.

Here’s the slope.

We’ll use the point-slope form to write down the equation of the line. This requires a single
point and we can use either of the points from the problem statement.

Either will give an acceptable answer here. We’'ll give both possible answers for the point-
slope form.

3

(14,-7) - y=—7-3(x—14) ]

To get the answer in slope-intercept form all we need to do is take one of the answers from
Step 2 and distribute the slope through the parenthesis and simplify. You will get the same
answer regardless of which one you chose to use.

Doing this gives,

3
= —— 14
y 290—1—

5. Write down the equation of the line that passes through the following two points. Give your
answer in point-slope form and slope-intercept form.

(—4,8), (—1,—20)
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We’ll need the slope of the line in order to write down the equation of the line. We’'ll let the
first point listed above be the point (z1, 1) and the second point listed be the point (z2, y2)
in the slope formula. Note that it doesn’t really matter which point is which. All that matters
is that you stay consistent when you plug values into the formula.

Here’s the slope.

-20-8  -28 28
C-1-(-4) 3 3

We’ll use the point-slope form to write down the equation of the line. This requires a single
point and we can use either of the points from the problem statement.

Either will give an acceptable answer here. We’'ll give both possible answers for the point-
slope form.

(-4,8) y:8—?(x—(—4)) N yzs—?(asﬂ)
(—1,-20) - y:—20—%(1‘—(—1)) N y:—20—2—38(x—|—1)

To get the answer in slope-intercept form all we need to do is take one of the answers from
Step 2 and distribute the slope through the parenthesis and simplify. You will get the same
answer regardless of which one you chose to use.

Doing this gives,

6. Determine the slope of the line and sketch the graph of the following line.

dy4+x =38
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The first thing that we should do here is write the equation of the line in slope-intercept
form. This will help with both finding the slope and with sketching the graph.

Here is the slope-intercept form of the line.

dy =—x+8 = y=——x+2

From the equation of the line in slope-intercept form that we found in the previous step we

see that the slope is : S

From the equation of line in slope-intercept form that we found in Step 1 we see that the
y-intercept from of the line is (0,2) . Also, from the slope we found in Step 2 we know that
the “rise” is -1 and the “run” is 4 and so a second point on the graph of the line is,

ro=04+4=4 y2:2+(—1):1 = (4,1)

Using these two points we can sketch the graph of the line.
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¥

7. Determine the slope of the line and sketch the graph of the following line.

5r — 2y =6

The first thing that we should do here is write the equation of the line in slope-intercept
form. This will help with both finding the slope and with sketching the graph.

Here is the slope-intercept form of the line.

o — 2y =06
5r =2y +6

5
or — 6 =2y = yzisc—?)

From the equation of the line in slope-intercept form that we found in the previous step we

see that the slope is : -
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From the equation of line in slope-intercept form that we found in Step 1 we see that the
y-intercept from of the line is (0, —3) . Also, from the slope we found in Step 2 we know that
the “rise” is 5 and the “run” is 2 and so a second point on the graph of the line is,

29 =0+2+2 Yy =—34+5=2 = (2,2)

Using these two points we can sketch the graph of the line.

}I
- .--_.-"-..-.
2,2)
L (2,
: Pl
I T
] 1 1 If ’Hu ] 1 ] Iy
-1 P 1 3
L7 'Rise =5
2 ,
(0,~3) 47 e
Al Run=2
-
,,-*"'J R
o
._,-f"’ff S -
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8. Determine if the two lines y = %az + 1 and 3y + 7x = —10 are parallel, perpendicular or neither.

To answer this question we’ll need the slope of each of the lines. The first line is in slope-
intercept form and so we can easily identify the slope of that line.

S 1
=-x : mp = =
y=7 1= 7

For the second line let’s put the equation in slope-intercept form and get its slope.

3y + 7r=—10
3y =—Tzx—10
7 10 7
y=-3r-3 mz =3

The two slopes we found in the previous step are clearly not the same and so the two lines
are not parallel.

On the other hand, we can see that,

- () ()

and so the two lines are perpendicular.

9. Determine if the line 8z — y = 2 and the line containing the two points (1,3) and (2, —4) are
parallel, perpendicular or neither.

To answer this question we’ll need the slope of each of the lines. For the first line let’s put
the equation in slope-intercept form and get its slope.

8r —y =2

For the second line we can compute the slope directly from the two points.

_A=s T

- _7
=TT T
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The two slopes we found in the previous step are clearly not the same and so the two lines
are not parallel. Also, we can see that myms = —56 # —1 and so the lines are also not
perpendicular.

Therefore, the two lines are neither parallel nor perpendicular.

10. Find the equation of the line through (—7,2) and is parallel to the line 3z — 14y = 4.

First, we need to get the slope of our new line, i.e. the line through the point (—7,2). We
know this line is parallel to the line 3z — 14y = 4 and so must have the same slope as the
second line.

Therefore, all we need to do is put the equation of the second line into slope-intercept form
and get its slope.

3r— 14y =4
14y =32 — 4
3 2 3
U viiat Y

So, the new line must have slope of m; = my = -3 .

Now, we have both the slope of the new line as well as a point through the new line so we
can use the point-slope form of the line to write down the equation of the new line.
3 7

3 3
94 2 (e (—TN =2+ 2 -2 !
Y —1-14(33 (=7)) +14(:U+7) 141‘+2

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions -188 —



Chapter 3 : Graphing and Functions Section 3.2 : Lines

11. Find the equation of the line through (—7,2) and is perpendicular to the line 3z — 14y = 4.

First, we need to get the slope of our new line, i.e. the line through the point (—7,2). We
know this line is parallel to the line 3z — 14y = 4 and the slopes must be negative reciprocals
of each other.

Therefore, all we need to do is put the equation of the second line into slope-intercept form
and get its slope.

3z — 14y =4
14y =3x — 4
3 2 3
YTt My

So, the new line must have slope of,

Now, we have both the slope of the new line as well as a point through the new line so we
can use the point-slope form of the line to write down the equation of the new line.

14 14 14 92
y=2-S(@— (M) =2-3 @+7)=—Fr— =
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3.3 Circles

1. Write the equation of the circle with radius 3 and center (6, 0).

There really isn’t all that much to do with this problem. We have the radius and the center
so all we need to do is plug these into the standard form of the equation from the notes.

The equation of this circle is,

(x—6)°+ (y—0)* =3 = [ (x—6)*+4y2=9 ]

2. Write the equation of the circle with radius v/7 and center (-1, —9).

There really isn’t all that much to do with this problem. We have the radius and the center
so all we need to do is plug these into the standard form of the equation from the notes.

The equation of this circle is,

- VP +w-(92= (V7)) = | @ +@r9?’=1

3. Determine the radius and center of the following circle and sketch the graph of the circle.

(z—92+(y+4)* =25

There really isn’t much to this problem. All we need to do is compare the equation we've
been given to the standard form of the circle to determine the radius and center of the circle.
For reference purposes here is the standard form of the circle.

(x—h)?+ (y—k)? =12

So, from the first term we can quickly see that h = 9.

Next, noticing that we can write the second term as,
(y+4)?°=(y—(-4)?

we can see that £k = —4 .
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Finally, we see that r? = 25 and so we must have r = 5 .

Therefore, the radius of the circle is 5 and the center of the circle is (9, —4) .

Here is a sketch of the circle.

b |-

Remember that we can quickly graph the circle by starting at the center and then going
right/left by the radius (5 for this problem) to get the right most/left most points. To get the
top most/bottom most point all we need to do is start at the center and go up/down by the
radius (again, 5 for this problem).

4. Determine the radius and center of the following circle and sketch the graph of the circle.
2+ (y—5)° =4

There really isn’t much to this problem. All we need to do is compare the equation we've
been given to the standard form of the circle to determine the radius and center of the circle.
For reference purposes here is the standard form of the circle.

(@ =h)*+(y —k)* =7

First, notice that we can write the first term as,

2% = (z —0)?
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and so we can now see that h =0
Next, from the second term we can quickly see that k = 5.
Finally, we see that 2> = 4 and so we must have r = 2 .

Therefore, the radius of the circle is 2 and the center of the circle is (0,5) .

Here is a sketch of the circle.

( )

}I

Remember that we can quickly graph the circle by starting at the center and then going
right/left by the radius (2 for this problem) to get the right most/left most points. To get the
top most/bottom most point all we need to do is start at the center and go up/down by the
radius (again, 2 for this problem).

5. Determine the radius and center of the following circle and sketch the graph of the circle.

(z+1)°+(y+3)72=6
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There really isn’t much to this problem. All we need to do is compare the equation we’ve
been given to the standard form of the circle to determine the radius and center of the circle.
For reference purposes here is the standard form of the circle.

(&= h)* + (y —k)* =17

First, notice that we can write the first term as,
(z+1)* = (z - (-1))

and so we can now see that h = —1

Next, we can write the second term as,

(y+3)°=(@y—(-3)°
and so we can see that £k = —3.

Finally, we see that 2> = 6 and so we must have r = /6 . Do not get excited about the fact
that the radius is not an integer! There is no reason to expect the radius of a circle to be
an integer and the often won't!

Therefore, the radius of the circle is v/6 and the center of the circle is (-1,-3).

Here is a sketch of the circle.

( \

[

Remember that we can quickly graph the circle by starting at the center and then going
right/left by the radius (v/6 ~ 2.45 for this problem) to get the right most/left most points. To
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get the top most/bottom most point all we need to do is start at the center and go up/down
by the radius (again, v/6 ~ 2.45 for this problem).

Also note that because the radius was not an integer for this problem that also means the
right most/left most/top most/bottom most points will have decimal coordinates. That is
okay. When sketching the graph just do your best to get the point in the approximate place
and you should be fine!

6. Determine the radius and center of the following circle. If the equation is not the equation of a
circle clearly explain why not.
2?4+ y? + 142 — 8y +56=0

we’ll first get the number on the right side and group the x and y terms as follows.

To do this problem we need to complete the square on the x and y terms. To help with this
2?4+ 14z + y> — 8y = —56

Here are the numbers we need to complete the square for both = and y.

T <124)2:(7)2:49 Y- <_28>2:(—4)2:16

Now, complete the square.
2 + 142 + 49+ 3* — 8y + 16 = —56 + 49 + 16

(z+7)P+@y—4)>=9

Don’t forget to add the numbers from Step 2 to both sides of the equation!
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So, we have the equation in standard form and so we can quickly identify the radius and
center of the circle.
Radius : r =3 Center: (—7,4)

If you don’t recall how to get the radius and center from the standard form of a circle check
out Problems 3 - 5 in this section for some practice.

7. Determine the radius and center of the following circle. If the equation is not the equation of a
circle clearly explain why not.

922 + 9y% — 62 — 36y — 107 =0

To do this problem we need to complete the square on the z and y terms. To help with this
we'll first get the number on the right side and group the = and y terms as follows.

922 — 62 + 9y? — 36y = 107

Also, we know that we want the coefficients of the 22 and 32 to be one for the completing
the square process so it will be just as easy to divide everything by a 9 to help out with the

completing the square.
x2—2m+y2—4y:£
3 9

Here are the numbers we need to complete the square for both = and y.

NGRS RIRC e

Now, complete the square. W

2 2
— = — —4 4 —_— —_ 4

<x;>2+(y2)2:16
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LDon’t forget to add the numbers from Step 2 to both sides of the equation! J

So, we have the equation in standard form and so we can quickly identify the radius and
center of the circle.

Radius : r =4 Center: (;, 2>

If you don’t recall how to get the radius and center from the standard form of a circle check
out Problems 3 - 5 in this section for some practice.

8. Determine the radius and center of the following circle. If the equation is not the equation of a
circle clearly explain why not.
224+ 4+8+20=0

we’ll first get the number on the right side and group the x and y terms as follows.

To do this problem we need to complete the square on the x and y terms. To help with this
22+ 8z +1y% = —20

Here is the number we need to complete the square for both x. Note that we don’t need to
complete the square for the y.

Now, complete the square.
22 +8x+16+1y*=—-20+16
(x+4)°+y° = —4
Don’t forget to add the number from Step 2 to both sides of the equation!
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Okay, at this point we can see that this equation is not the equation of a circle. The standard

form of the circle is,
(=0 + (g~ k)P =

The right side is 2 and that must be a positive number (and the coefficients of the = and y
must also be positive) which for our equation it is not. Therefore, this is not the equation of
a circle.
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3.4 The Definition of a Function

1. Determine if the following relation is a function.

{(2’ 4) ) (37 _7) ) (6’ 10)}

Here is the set of 15 components (i.e. the first number in the ordered pair) and the set of
the 27¢ components (i.e. the second number in the ordered pair.

1% components : {2,3,6} 2" components : {—7,4,10}

S

Pick any number from the list of 15 components and identify all the ordered pairs with that
number as the 15t component and list all the 2"¢ components from those ordered pairs. In
this case no matter which number you pick from the 1°¢ list there is exactly one number in
the second list.

Therefore, this relation is a function.

-~/

2. Determine if the following relation is a function.

{(_1’ 8) ) (47 _7) ’ (_1?6) ’ (0’ 0)}

Here is the set of 15 components (i.e. the first number in the ordered pair) and the set of
the 2"? components (i.e. the second number in the ordered pair.

15! components : {—1,0, 4} 2" components : {—7,0, 6,8}

-~

Chose -1 from the list of first components. There are two ordered pairs in the relation with
-1 as the first components. One has 6 as the second component and the other has 8 as
the second component.

We have found a number from the 1% list that has two numbers in the 2"¢ list associated
with it. Therefore, this relation is NOT a function.
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3. Determine if the following relation is a function.

{(2,1),(9,10),(—4,10),(-8,1)}

Here is the set of 15 components (i.e. the first number in the ordered pair) and the set of
the 2"¢ components (i.e. the second number in the ordered pair.

1°¢ components : {—8,—4,2,9} 2" components : {1,10}

Pick any number from the list of 15 components and identify all the ordered pairs with that
number as the 15t component and list all the 2"¢ components from those ordered pairs. In
this case no matter which number you pick from the 1% list there is exactly one number in
the second list.

Therefore, this relation is a function.

Note that each number in the 2"¢ list does have two numbers associated with it from the
15t list. That is not an issue however. We only have an issue if numbers from the 1% list
have more than one number from the 2"¢ list associated with it.

4. Determine if the given equation is a function.

1
=14 -
y 27

To directly determine if an equation is a function can be quite difficult at times. What we
need to do is show that for each z that we plug into the equation we can only get a single
y out of the equation. For this case we can kind of talk our way through this.

Look at the equation and notice that if we were to plug any z into the equation all we would
do is multiply the x by —% and then add 14. For each of these algebraic operations there
is exactly one number that results and so y can only be a single value regardless of the «
we plug in.

Therefore, this equation is a function.

5. Determine if the given equation is a function.

y=13r2+1
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To directly determine if an equation is a function can be quite difficult at times. What we
need to do is show that for each x that we plug into the equation we can only get a single
y out of the equation. For this case we can kind of talk our way through this.

Look at the equation and notice that if we were to plug any x into the equation all we would
do is square the x, multiply that by 3 and then add 1 to that result. For each of these
algebraic operations there is exactly one number that results.

Finally, all we do is take the square root of that result. Recalling that square roots can only
give positive numbers (i.e. we don’t add on a + when we take the square root).

So, y can only be a single value regardless of the = we plug in.

Therefore, this equation is a function.

6. Determine if the given equation is a function.

yt—2? =16

To directly determine if an equation is a function can be quite difficult at times. What we
need to do is show that for each x that we plug into the equation we can only get a single
y out of the equation.

For this equation let’s first rewrite it a little as follows,

yt =122+ 16

Now, let’s take a look at a specific z, say x = 0. If we plug this into the equation we get,

yt=02+16 =16

Now, at this point we can see that there are two possible y values, y = —2 or y = 2 since
for both we have,
(=2)* =16 and 2)* =16

So, we've found an z for which the equation gives two possible y values. Note as well that,
for this equation, it doesn’t matter which x we choose to use we will get the same result.

Therefore, this equation is NOT a function.

7. Given f (z) = 3 — 222 determine each of the following.

(a) 7 (0) (b) 7 (2) (c) f(—4) (d) f(3t) (e) fz+2)

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions —200 -



Chapter 3 : Graphing and Functions Section 3.4 : The Definition of a Function

Solutions

(a) 1 (0)

Remember that for function evaluation all we need to do is replace all the z’s (only
one in this case) with the number that is in the parenthesis. Doing this for this part

gives,
F(0)=3-20>%*=| 3 |

(b) f(2)

Remember that for function evaluation all we need to do is replace all the z’s (only
one in this case) with the number that is in the parenthesis. Doing this for this part
gives,

f@2)=3-227%=3-214)=| -5

(c) f(—4)

Remember that for function evaluation all we need to do is replace all the z’s (only
one in this case) with the number that is in the parenthesis. Doing this for this part
gives,

f(=4)=3-2(-4)*=3-2(16) =| —29
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(d) f(3t)

Remember that for function evaluation all we need to do is replace all the z’s (only
one in this case) with whatever is in the parenthesis. It doesn’'t matter if the stuff in
the parenthesis is not a number the evaluation works exactly the same as if it was a
number.

Doing the evaluation for this part gives,

f(3t)=3-2(3t)>=3-2(9%) =| 3-18 I

(e) f(z+2)

Remember that for function evaluation all we need to do is replace all the z’s (only
one in this case) with whatever is in the parenthesis. It doesn’t matter if the stuff in
the parenthesis is not a number the evaluation works exactly the same as if it was a
number. Do not get excited about the fact that the stuff in the parenthesis also involves
an z. Again, it does not matter, the evaluation still works the same way.

Doing the evaluation for this part gives,

f(a:+2):3—2(x+2)2:3—2(a:2+4a:+4):[ —22% — 8 — 5 ]
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8. Given g (w) = wil determine each of the following.
(a) g(-6) (b) g(-2) (c) 9(0) (d) g(t—1) (e) g (4w +3)

Solutions

(a) g(-6)

Remember that for function evaluation all we need to do is replace all the w’s (only
one in this case) with the number that is in the parenthesis. Doing this for this part
gives,

(b) g(-2)

Remember that for function evaluation all we need to do is replace all the w’s (only
one in this case) with the number that is in the parenthesis. Doing this for this part
gives,

9(=2)= =l 4

(c) 9(0)

Remember that for function evaluation all we need to do is replace all the w’s (only
one in this case) with the number that is in the parenthesis. Doing this for this part
gives,
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(d) g(t—1)

Remember that for function evaluation all we need to do is replace all the w’s (only
one in this case) with whatever is in the parenthesis. It doesn’'t matter if the stuff in
the parenthesis is not a number the evaluation works exactly the same as if it was a
number.

Doing the evaluation for this part gives,

4 4

9t-V=G-p517| 1@

(e) g (4w +3)

Remember that for function evaluation all we need to do is replace all the w’s (only
one in this case) with whatever is in the parenthesis. It doesn’'t matter if the stuff in
the parenthesis is not a number the evaluation works exactly the same as if it was a
number. Do not get excited about the fact that the stuff in the parenthesis also involves
an w. Again, it does not matter, the evaluation still works the same way.

Doing the evaluation for this part gives,

4 4 1

4 3: = g
oMUt = s 1 T dwrd w+1
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9. Given h (t) = t* + 6 determine each of the following.

(a) 1 (0) (b) h(=2) (c) h(2) (d) (V) (e) h(3—1)

Solutions

(a) A (0)

Remember that for function evaluation all we need to do is replace all the t’s (only one
in this case) with the number that is in the parenthesis. Doing this for this part gives,

(b) h(-2)

Remember that for function evaluation all we need to do is replace all the t’s (only one
in this case) with the number that is in the parenthesis. Doing this for this part gives,

h(—2):(—2)2+6:4—|—6:

(c) h(2)

Remember that for function evaluation all we need to do is replace all the t’s (only one
in this case) with the number that is in the parenthesis. Doing this for this part gives,

h(2)=(2)*+6=4+6=| 10
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(d) h(Vz)

Remember that for function evaluation all we need to do is replace all the t’s (only
one in this case) with whatever is in the parenthesis. It doesn’'t matter if the stuff in
the parenthesis is not a number the evaluation works exactly the same as if it was a
number.

Doing the evaluation for this part gives,

h(Vz) = (Va)’ +6=| z+6

(€) h(3—1)

Remember that for function evaluation all we need to do is replace all the t’s (only
one in this case) with whatever is in the parenthesis. It doesn’'t matter if the stuff in
the parenthesis is not a number the evaluation works exactly the same as if it was a
number. Do not get excited about the fact that the stuff in the parenthesis also involves
an t. Again, it does not matter, the evaluation still works the same way.

Doing the evaluation for this part gives,

hB3—1)=0B-t)24+6=9—-6t+t>+6=| t>—6t+15
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10. Given h(z) = { 5 9 !f z<2 determine each of the following.
1+2% ifz>2
(a) 1(0) (b) 1 (2) (c) h(7)
Solutions
(a) A (0)

Remember that for piecewise functions we use the equation for which the number in
the parenthesis meets the condition.

For this problem we can see that 0 < 2 and so we use top equation to do the evalua-
tion.

(b) A (2)

Remember that for piecewise functions we use the equation for which the number in
the parenthesis meets the condition.

For this problem we can see that 2 > 2 and so we use bottom equation to do the
evaluation.

h(2)=1+2)°%=| 5

(c) h(7)

Remember that for piecewise functions we use the equation for which the number in
the parenthesis meets the condition.

For this problem we can see that 7 > 2 and so we use bottom equation to do the
evaluation.

h(7)=1+(7)*=| 50
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6 ifx>9
1. Given f(z) =9 z+9 if2 <z <9 determine each of the following.
x2 if x <2
@) f(—4) (b) f(2) (c) f(6) (d) f(9) (e) f(12)
Solutions
(@) f(-4)

Remember that for piecewise functions we use the equation for which the number in
the parenthesis meets the condition.

For this problem we can see that —4 < 2 and so we use bottom equation to do the
evaluation.

(b) f(2)

Remember that for piecewise functions we use the equation for which the number in
the parenthesis meets the condition.

For this problem we can see that 2 < 2 and so we use bottom equation to do the
evaluation.

(c) 7 (6)

Remember that for piecewise functions we use the equation for which the number in
the parenthesis meets the condition.

For this problem we can see that 2 < 6 < 9 and so we use middle equation to do the
evaluation.

f6)=6+9=| 15
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(d) f(9)

Remember that for piecewise functions we use the equation for which the number in
the parenthesis meets the condition.

For this problem we can see that 9 > 9 and so we use top equation to do the evalua-
tion.

Do not get excited about the fact that there are no z’s in the equation we are evaluating!

(e) f(12)

Remember that for piecewise functions we use the equation for which the number in
the parenthesis meets the condition.

For this problem we can see that 12 > 9 and so we use top equation to do the evalu-

ation.
raz=| 6 |

Do not get excited about the fact that there are no z’s in the equation we are evaluating!
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12. The difference quotient for the function f (x) is defined to be,

flae+h)—f(z)
h

Compute the difference quotient for the function f (z) = 4 — 9.

We'll work this problem in parts. First let's compute f (z + k).

flx+h)=4—-9(x+h)=4—9z—9h

Now we’ll compute f (x + h) — f (x) and do a little simplification.
flx+h)—f(x)=4—-92—-9h—(4—92) =4—-92 —9h — 4+ 92 = —9h
Be careful with the parenthesis when subtracting f (z). We need to subtract the function

and so we need parenthesis around the whole thing to make sure we do subtract the func-
tion.

We can now finish the problem by computing the full difference quotient.

fl@+h)—f(=) -9
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13. The difference quotient for the function f (x) is defined to be,

flae+h)—f(z)
h

Compute the difference quotient for the function f (z) = 222 — .

We'll work this problem in parts. First let's compute f (z + k).

fl@+h)=2(@+h)’— (x+h)=2(2"+2zh+h?) — (x +h)

:[ 222 + 4ah + 2k —x — h ]

Now we’ll compute f (x 4+ h) — f () and do a little simplification.

f(:n—{—h)—f(x):2$2+4:vh—|—2h2—$—h—(21"2—:5)

=222 +dzh+2h? —x —h—222+x=| 4daxh+2h%2—h ]

Be careful with the parenthesis when subtracting f (z). We need to subtract the function
and so we need parenthesis around the whole thing to make sure we do subtract the func-
tion.

We can now finish the problem by computing the full difference quotient.

f(@+h)—f(z) dah+2h*—h  h(dx+2h—1)
h B h B h

:[ 4+ 2h — 1
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14. Determine the domain of the following function.

A(x) =6+ 14

Recall that the domain is simply all the values of = that we can plug into the function and
the resulting function value will be a real number.

In this case we can see that no matter what value of = we plug into the function 6 times
that number plus 14 will be a real number and so for this function the domain is all real
numbers.

15. Determine the domain of the following function.

Recall that the domain is simply all the values of = that we can plug into the function and
the resulting function value will be a real number.

In this case we have a rational expression where the numerator is a constant (and so won’t
cause any problems for any value of x) and the denominator is a polynomial.

So, we need to avoid division by zero for this problem. We will get division by zero at,

22-25=0 — 2°=25 — x=45

Therefore, the domain for this function is all real numbers except = = +5 .

16. Determine the domain of the following function.

b =2
I = 2 T s

Recall that the domain is simply all the values of ¢ that we can plug into the function and
the resulting function value will be a real number.

In this case we have a rational expression where both the numerator and denominator are
polynomials.

The numerator won’t cause any problems since we can plug any value of ¢ into the numer-
ator and get back a real number.
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So, for this problem, all we need to avoid is division by zero. We will get division by zero
at,
t2—Tt—-18=0 — (t—-9)(t+2)=0 — t=-2 t=9

Therefore, the domain for this function is all real numbers except t = -2 and ¢t =9.

17. Determine the domain of the following function.

g(w)=+vV9w+7

Recall that the domain is simply all the values of w that we can plug into the function and
the resulting function value will be a real number.

In this case we have a square root and so we know that we need to require that the quantity
under the root be positive or zero.

In other words, we need to require,

Qw+7>0
Qw > —7

7

w > ——

- 9

Therefore, the domain for this function is w > —g .

18. Determine the domain of the following function.

f()—;
Y 2 —8z+ 1o

Recall that the domain is simply all the values of = that we can plug into the function and
the resulting function value will be a real number.

In this case we have a square root in the denominator of a rational expression. The nu-
merator is a constant and so won’t cause any problems for us. However, because of the
root in the denominator we need to require that the quantity under the root be positive.

Note as well that while we don’t have a problem with zero under a square root because the
root is in the denominator allowing the quantity under the root to be zero would result in a
division by zero problem and so we need to also avoid that.
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In other words, we need to require,

22 —8x+15>0
(x—3)(x—5)>0

If you don’t recall how to solve polynomial inequalities you should go back to that section
and do some of the practice problems there. Here is a quick solution for this one.

We can see that the polynomial on the left is zero at z = 3 and = = 5. A quick number line
for this inequality is,

x=12 : =4 : =6
(-0(-3»0 | (N(-1y<0 | (3)(1) >0
I |
I |
| | | | i | |
| 2 3 H 5 6 7

From this number line we can see that the polynomial is positive in the ranges =z < 3 and
r>5.

Therefore, the domain for this functionis z < 3and z > 5.
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3.5 Graphing Functions

1. Construct a table of at least 4 ordered pairs of points on the graph of the following function and
use the ordered pairs from the table to sketch the graph of the function.

f(z) =a" =2

Hint

By this time we’ve seen enough graphs of equations that we should be getting a feel for
points to choose. However, if haven'’t gotten a feel it yet try a selection of at least a couple
of points to either side of zero (maybe even including zero).

For this function a selection of points on either side of zero should be sufficient to get an
idea of what the graph of this function looks like. We’ll also include zero for no other reason
that it will give an extra point on the graph.

Here is the table of points we’ll use for this problem.

z  flx) (zy)
-3 7 ] (=3,7)
—1] =1 | (=1,-1)
-2 | (0,-2)
1| -1 | (1,-1)
3| 7 | 37

Here is a sketch of the function.

s N

‘\
(378 T (37)
N
N 3k /
\ /
\\ 1~ f/
L LN L L ¥
_3 -2 =1 1 2 3
(-1,-1) ‘xh_:'_#,-/"fl,—l)
~31{0.-2)
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2. Construct a table of at least 4 ordered pairs of points on the graph of the following function and
use the ordered pairs from the table to sketch the graph of the function.

fl@)=vaT1

Hint

By this time we’ve seen enough graphs of equations that we should be getting a feel for
points to choose. However, if haven’t gotten a feel it yet try a selection points which will give
function values that are easy to graph, i.e. function values that are integers.

For this function we’ll use points that give function values that are integers to make the
graphing a little easier.

Here is the table of points we’ll use for this problem.

z  f(z) (z,9)
-1 0 (—1,0)
0 1 (0,1)
3 2 (3,2)
8 3 (8,3)
Here is a sketch of the function.
}I
Ak
LR -
_— (83
251 _—
-
2+ _,r"ﬂ
~ |32
1.3 ,,f”/ (32)
peo
0.1
ﬁ/{ )
/AT
(-1,0)
_‘ | | | | | | ] | | x
-1 1 2 3 4 3 & 7 3 g
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3. Construct a table of at least 4 ordered pairs of points on the graph of the following function and
use the ordered pairs from the table to sketch the graph of the function.

fz)=9

Hint

Do not get excited about the lack of z’s on the right side. This function evaluates just like all
the functions you’ve evaluated.

This is a <b style="mso-bidi-font-weight:normal”>constant function</b>. The fact that there
are no z’s on the right side is not a problem. Here is the table of points we'll use for this
problem.

z  flz) (z,9)
5] 9 [(=59)
2| 9 |(-29
1 9 | 19
40 9 | (49

Because there are no x’s on the right side there are no z’s to plug numbers in. That in turn
means that no matter what = we plug into the function we always get a function value of 9
as our table above shows.

Here is a sketch of the function.

r N

—.

a9 2y |09 4,9)
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4. Construct a table of at least 4 ordered pairs of points on the graph of the following function and
use the ordered pairs from the table to sketch the graph of the function.

10—-2z ifz <2
f(x)_{xQ—i—Q if x > 2

Hint

Remember to pick points from both ranges and don’t forget that you also need to know the
value of each function at the “cutoff point”.

We have a piecewise function here so we need to make sure and pick points from each
range of z when building our table of points. Also, we’ll want to plug the “cutoff point”, z = 2,
into the top equation as well so we know where it will be at the end of the range of «’s for
which it is valid.

Here is the table of points we’ll use for this problem.

x 10-2z (x,y)
1] 12 [(-1,12)

1 8 (1,8)
2 6 (2,6)
r 2+2  (2,y)
2 6 (2,6)
3| 11 | (3,11)

51 927 ,
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Here is a sketch of the function.

v
3'}_— rd
C /
Bk /Eﬁ,z?)
wl //
C e
15F /
et
— e
(-112) TF—, (311
b 09
| F | | | | | x
-1 1 2 3 4 3

Note that in this case the two pieces “met” at the point (2,6). Sometimes this will happen
with these problems and sometimes it won’t. This is the reason we always evaluate both
equations at the “cutoff point”. Without doing that we wouldn’t know if the pieces meet or
not.

5. Construct a table of at least 4 ordered pairs of points on the graph of the following function and
use the ordered pairs from the table to sketch the graph of the function.

54+x ifx>1
fx)=<x 2 if —2<z<1
1—2? ifz< =2

Hint

Remember to pick points from both ranges and don’t forget that you also need to know the
value of each function at the “cutoff points”.

We have a piecewise function here so we need to make sure and pick points from each
range of = when building our table of points. Also, we’'ll want to plug the “cutoff points”,
x = —2and x = 1, into the corresponding equation as well so we know where each will
be at the end of the range of x’s for which it is valid.

Here is the table of points we’ll use for this problem.
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T 1—z? (1'7 y)
—4 | —15 | (—4,-15)
-3 -8 (—3,-8)
-2 -3 (—2,-3)
r 2 (z,y)
-2 12| (-2,2)
—11]2|(-1,2)
1 |2] (1,2
r b4z (x,y)
1 6 (1,6)
2 7 (2,7)
3 8 (3,8)
Here is a sketch of the function.
¥ (3.8)
8+ [1,6) o
(-12) 4p (2.7)
(-2.2)e——e o(12)
| | | | | | | x
-4 -3 -2 -1 1 2 3

A-3-8)

/
)/[—4,—15)

-16

/D[—z,—3) —45

know if they met at the cutoff point or not.

In this case neither of the pieces of the graph met at the cutoff points. This is the reason
we compute the value of each equation at the cutoff points. Without doing that we wouldn’t
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3.6 Combining Functions

1. Given f (z) = 6z + 2 and g (x) = 10 — 7z compute each of the following.

@ (f —9)(2) ®) (9 1)(2) (©) fo (d) (g) (x)

Solutions

(@ (f—9)(2)

Not much to do here other than do the evaluation. We'll leave it to you to verify the
specific function evaluations.

(fg)(2)=f(2)9(2)=14(4)=| 18

(b) (9—/)(2)

Not much to do here other than do the evaluation. We'll leave it to you to verify the
specific function evaluations.

(9-HQR)=9g(2)-f@2)=-4-14=| 18

(c) fg

Not much to do here other than do the evaluation. Also, remember that in this case
the “evaluation” really only consists of plugging the two equations for each function in
and doing some basic algebraic manipulations to simplify the answer if possible.

Fa=1(@)g(e)= (6c+2) (10— 7a) = 42m2+46a:+20]

@ (2w
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Not much to do here other than do the evaluation. Also, remember that in this case
the “evaluation” really only consists of plugging the two equations for each function
in and doing some basic algebraic manipulations to simplify the answer if possible,
although in this case there really isn’'t any simplification that can be done.

U)m‘gg}‘ o7

2. Given P (t) = 4t + 3t — 1 and A (t) = 2 — t2 compute each of the following.

(@ (P+4) (1) (6) AP (@) (PA) () @ (%) 2

Solutions

(@ (P+A4)()

Not much to do here other than do the evaluation. Also, remember that in this case
the “evaluation” really only consists of plugging the two equations for each function in
and doing some basic algebraic manipulations to simplify the answer if possible.

(P+A)t)=Pt)+A{t) =42 +3t —1+2-t*=| 32 +3t+1 ]

(b) A—P

Not much to do here other than do the evaluation. Also, remember that in this case
the “evaluation” really only consists of plugging the two equations for each function in
and doing some basic algebraic manipulations to simplify the answer if possible.

A-P=A{)-P(t) =2—t>— (4> + 3t — 1) = 2—*—4* -3t +1 = [ —5t> — 3t 4+ 3

(c) (PA) ()
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Not much to do here other than do the evaluation. Also, remember that in this case
the “evaluation” really only consists of plugging the two equations for each function in
and doing some basic algebraic manipulations to simplify the answer if possible.

(PA)(t) =P (t)A(t) = (42 + 3t — 1) (2 —t?)
=8t% —at* + 6t — 3> — 2+ 12

= —4*—33+92+6t—2 ]

For the product just remember to distribute every term from the first polynomial through
the second polynomial and the combine like terms to simplify.

(d) (i) (-2)

Not much to do here other than do the evaluation. We'll leave it to you to verify the
specific function evaluations.

<P> (-2) = P(-2) - 9 - 29
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3. Given h(z) =7z+6and f (z) = 4 — z compute each of the following.
@) (fh)(2) (b) (foh)(z) (€) (hof)(2) (d) (hoh)(z)

Solutions

@) (fh)(2)

Not much to do here other than do the multiplication. Also, remember that in this case
the “evaluation” really only consists of plugging the two equations for each function in
and doing some basic algebraic manipulations to simplify the answer if possible.

(fh)(z):f(z)h(z):(7z+6)(4—z):[ —72% 4+ 222 4 24 ]

(b) (foh)(2)

“_”

Remember that the “o” denotes composition and not multiplication! Also remember
that the order of the composition as written in the statement needs to be followed!

(foh)(z):f[h(z)]:f[7z+6]:4—(7z+6):| —Tz—2

(c) (hof)(2)

“_”

Remember that the “o” denotes composition and not multiplication! Also remember
that the order of the composition as written in the statement needs to be followed!

(hof)(2)=h[f(2)]=h[d—2]=T@A—2)+6=| —Tz+34
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(d) (hoh)(z)

“_”

Remember that the “o” denotes composition and not multiplication and do not get
excited about the fact that each portion is the same function. It works exactly like
every other composition problem.

(hoh)(z):h[h(z)]:h[7z+6]:7(7z+6)+6:

4. Given f (z) = 622 and g (z) = 2% + 3z — 1 compute each of the following.

@) (9f) () (b) (fog)(x) (€) (gof)(x) (d) (fof)(z)

Solutions

@) (9f)(x)

Not much to do here other than do the multiplication. Also, remember that in this case
the “evaluation” really only consists of plugging the two equations for each function in
and doing some basic algebraic manipulations to simplify the answer if possible.

(9f)(x) =g(z) f(x) = (2% + 32 — 1) (62%) —[ 6z + 182° — 622

(b) (fog)(x)

“_”

Remember that the “o” denotes composition and not multiplication! Also remember
that the order of the composition as written in the statement needs to be followed!

(fog)(x)=flg ()] = f[2* +3z—1]

:6(.’1}2+3$—1)2
=6 (2" + 62° + T2® — 62 + 1)

= 62* + 362> + 4222 — 362 + 6
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(€) (gof)(x)

“_”

Remember that the “o” denotes composition and not multiplication! Also remember
that the order of the composition as written in the statement needs to be followed!

(go f) (@) =g[f ()] = g[62%] = (62°)° +3(62%) —1=| 362" +182% — 1

(d) (fof)(z)

Remember that the “o” denotes composition and not multiplication and do not get
excited about the fact that each portion is the same function. It works exactly like
every other composition problem.

(fof) (@)= fIf (@)] = f[62%] = 6(62%)° =6 (362%) =| 216" \

5. Given R(t) =+t —2and A (t) = (t + 2)2, t > 0 compute each of the following.
(@ (RoA)(1) (b) (Ao R)(t)

Solutions

(@) (RoA)(t)

Remember that the “o” denotes composition and not multiplication!

(RoA) () =RIA(M)] = R|(t+2)°] = \J(t+2)° —2=(t+2) —2=| 1 |
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(b) (Ao R)(t)

“_»

Remember that the “o” denotes composition and not multiplication!

(AoR) ()= A[R()] = A[Vi—2] = (Vi-2+2) = (\/i)z_
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3.7 Inverse Functions

1. Given h(z) =5 — 9z find h=! () .

Hint

Just follow the process outlines in the notes and you'll be set to do this problem!

For the first step we simply replace the function with a y.

y=>5—9x

Next, replace all the z’s with y’s and all the original y’s with x’s.

r=5—9y
Solve the equation from Step 2 for y.
r=5—-9y
gy=5—=
5—x
Y= 9
Replace y with b= ().
5—x
hl(z) =
(¢) = 25

Y U . W B W
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Finally, do a quick check by computing one or both of (ko h™!) (z) and (h~! o h) (z) and
verify that each is z. In general, we usually just check one of these and well do that here.

(hoh™) (x) = h[h! ()] :P[E);gc] :5—9(5;:”) —5-(5-2)=2x

The check works out so we know we did the work correctly and have inverse.

2. Giveng (z) = %x +7find g7t () .

Hint

Just follow the process outlines in the notes and you’ll be set to do this problem!

For the first step we simply replace the function with a y.

1
y=§az+7

Next, replace all the z’s with y’s and all the original y’s with x’s.

1
Solve the equation from Step 2 for y.
1
20 =y + 14
20 — 14 =
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Replace y with g~ (2).
gl (z) =22 14

Finally, do a quick check by computing one or both of (9o g™!) (z) and (¢! o g) (z) and
verify that each is z. In general, we usually just check one of these and well do that here.

(gog_l)(x)zg[g_l(a:)] =g[2m—14]=%(2x—14)+7=x—7+7:w

The check works out so we know we did the work correctly and have inverse.

3. Given f (z) = (z —2)> + 1 find f~1 (2) .

Hint

Just follow the process outlines in the notes and you'll be set to do this problem!

For the first step we simply replace the function with a y.

y=(x-2°+1

Next, replace all the z’s with y’s and all the original y’s with x’s.

r=(y-2°"+1
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Solve the equation from Step 2 for y.
r=(y—-27°%+1
z—1=(y-2°
(r—1)3 =y — 2
(x — 1)% +2=y

Replace y with f~! ().

(fof @ =Ff[f"@]=f [(:c— 1)3 +2}

:((x_1)%+2—2)3+1:((x—l)%)3+1=x—1+1=x

The check works out so we know we did the work correctly and have inverse.

Finally, do a quick check by computing one or both of (f o f~!) (z) and (f~' o f) (x) and
verify that each is x. In general, we usually just check one of these and well do that here.

4. Given A (z) = ¢2z + 11 find A~! () .

Hint

Just follow the process outlines in the notes and you'll be set to do this problem!

For the first step we simply replace the function with a y.

y=V2r+11
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Next, replace all the x’s with y’s and all the original y’s with z’s.

=/ 2y+11

Solve the equation from Step 2 for y.

=2y +11
0 —11 =2y
z® —11
5 =
Replace y with A~! (z).
A (z) = x° ; 11

D B U R

Finally, do a quick check by computing one or both of (Ao A™!) (z) and (A~! o 4) (z) and
verify that each is z. In general, we usually just check one of these and well do that here.

0 —11
2

(AoA") (2) = A[A" (2)] = 4 [

T
:i”/z(x . )+11=\5/a;5—11+1 = Vb =z

The check works out so we know we did the work correctly and have inverse.

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions -232 -



Chapter 3 : Graphing and Functions Section 3.7 : Inverse Functions

4x

find f~1 () .

5. Given f (z) = 5

— T

Hint

Just follow the process outlines in the notes and you’ll be set to do this problem!

For the first step we simply replace the function with a y.

4x
5—x

y:

Next, replace all the z’s with y’s and all the original y’s with z’s.

4y
r=_—
5—y
Solve the equation from Step 2 for y.
4y
r=-—
5—y
z(5—y) =4y
o —xy = 4y
5r = 4y + xy
So=(4+ux)y
ox
4d+a Y
Replace y with f~! ().
S5x
—1 -
fo@) = 44z

Y G B U W
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Finally, do a quick check by computing one or both of (f o f~!) (z) and (f~! o f) () and
verify that each is z. In general, we usually just check one of these and well do that here.

(Fof™)(x) =f[f ()] :f[ 5z ]

4+ x
4 -2z
itz )4+« 20x 20x
= = = — =T
5—pi4+x 5(+wz) -5z 20

The check works out so we know we did the work correctly and have inverse.

6. Given h () — 1712; find h=1 () .

Hint

Just follow the process outlines in the notes and you'll be set to do this problem!

For the first step we simply replace the function with a y.

_1+2$
y= 7T+ x

Next, replace all the z’s with y’s and all the original y’s with z’s.

142y
xr =
T+y
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Solve the equation from Step 2 for y.
1+ 2y
- T+y
z(T+y)=1+2y
Te+axy=142y
Tx —1=2y—uxy
Tt—1=2-2)y

Tr—1
2—x Y
Replace y with b= ().
Tx —1
ht(z) =
(@) =5—

Finally, do a quick check by computing one or both of (ko h™!) (z) and (™! o h) (x) and
verify that each is z. In general, we usually just check one of these and we’ll do that here.

(hoh™) (z)=h[h"(x)] =h {733 - 1]

2—x

Tx—1
B 1+2<2”_x)2—x 2—z+2(7Tz—1) 13z

74 =1 2—z TQ2-z)+T7x—-1 13

The check works out so we know we did the work correctly and have inverse.
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4 Common Graphs

In this chapter we will continue the process of investigating graphing that we started in the last
chapter. In the last chapter we discussed how to graph functions in general, lines, circles and
piecewise functions. In this chapter we will take a look at parabolas, ellipses, hyperbolas, rational
functions as well as a few other functions that will arise occasionally. In addition we will take a look
at various transformations that we can make to functions and how these transformations impact the
graph of the function. We will also introduce the concept of symmetry of a the graph of a function
and how to determine if the function has symmetry without graphing the function.

The following sections are the practice problems, with solutions, for this material.
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4.1 Lines, Circles and Piecewise Functions

We looked at these topics in the previous chapter. Problems for these topics can be found in the
following sections.

Here are the appropriate sections to see for these.
Lines : Graphing and Functions - Lines
Circles : Graphing and Functions - Circles

Piecewise Functions : Graphing and Functions - Graphing Functions
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4.2 Parabolas

1. Sketch the graph of the following parabola. The graph should contain the vertex, the y-intercept,
z-intercepts (if any) and at least one point on either side of the vertex.

fl)=(x+4)7°-3

Let’s find the vertex first. Because the parabola is in the form f (z) = a(z — h)? + k we
know that the vertex is just the point (h, k). Therefore, we can compare our equation to this
form and see that the vertex is : (—4, —3).

Be careful with minus signs here! For the h the term the general form is (z — h)? and so
we need to write ours as (z + 4)> = (z — (—4))* . This in turn means we must have h = —4
. Likewise, for the k in the general form it is “+k” and so to match our equation we need
k=-3.

Also note that a« = 1 > 0 for this parabola and so the parabola will open upwards.

The y-interceptis just the point (0, f (0)). Aquick function evaluation gives us that f (0) = 13
and so for our equation the y-intercept is (0, 13).

For the x-intercepts we just need to solve the equation f (x) = 0. So, let’s solve that for
our equation.

(442 —-3=0

(z+4)?%=3
x+4::|:\/§
r=—-4+V3

The two z-intercepts for this parabola are then : (—4 — v/3,0) = (—5.7321,0) and

(—4 +/3, 0) = (—2.2679,0). Do not get excited about the “messy” values for the intercept
coordinates. There is nothing wrong with them, they are just decimals rather than the
integers we are used to dealing with.
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Because we had two x-intercepts for this parabola we already have at least one point on
either side of the vertex and so we don’t really need to find any more points for our graph.

However, just for the practice let’s find the point corresponding to the y-intercept on the
other side the vertex.

The y-intercept is a distance of 4 to the right of the vertex and so there will be a correspond-
ing point at the same y value to the left and it will be a distance of 4 to the left of the vertex.
Therefore, the point to the left of the vertex corresponding to the y-intercept is (-8, 13).

Here is a sketch of the parabola including all the points we found above.

.
(—8,13)\ 13}_1(0,13)
\ i+
1\\ g:_
IIIII.I." T
s
Va:
| 1 | \I\‘ | 1 1 ‘fl’f 1 1_ 1 x
-9 -8 -7 -6p-3 -4 -3/k2 -1-1F 1
R
=3
[—4—J§,0) (—4+J§ 0)
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2. Sketch the graph of the following parabola. The graph should contain the vertex, the y-intercept,
z-intercepts (if any) and at least one point on either side of the vertex.

f(z)=5(x—1)*—-20

Let’s find the vertex first. Because the parabola is in the form f (z) = a(z — h)* + k we
know that the vertex is just the point (h, k). Therefore, we can compare our equation to this
form and see that the vertexis : (1, —20).

Be careful with minus signs here! For the 1 the term the general form is (2 — h)? and so to
match our equation we must have h = 1 . Likewise, for the k& in the general form it is “+k”
and so to match our equation we need k = —20 .

Also note that a = 5 > 0 for this parabola and so the parabola will open upwards.

A

The y-intercept is just the point (0, f (0)). A quick function evaluation gives us that
f(0) = —15 and so for our equation the y-intercept is (0, —15).

-~

For the z-intercepts we just need to solve the equation f (x) = 0. So, let’s solve that for
our equation.

5(z—1)>—20=0

5(x —1)% =20
(x—1)72=4
r—1=+2

r=14+2=-1,3

The two z-intercepts for this parabola are then : (—1,0) and (3, 0).

Because we had two z-intercepts for this parabola we already have at least one point on
either side of the vertex and so we don’t really need to find any more points for our graph.

However, just for the practice let’s find the point corresponding to the y-intercept on the

—_—
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other side the vertex.

The y-intercept is a distance of 1 to the left of the vertex and so there will be a corresponding
point at the same y value to the right and it will be a distance of 1 to the right of the vertex.
Therefore, the point to the right of the vertex corresponding to the y-intercept is (2, —15).

Here is a sketch of the parabola including all the points we found above.

3. Sketch the graph of the following parabola. The graph should contain the vertex, the y-intercept,
z-intercepts (if any) and at least one point on either side of the vertex.

fz)=3z2+7

Let’s find the vertex first. In this case we can consider the equation to be in the form
f(x) = a(z — h)* + k or we can use the form f (z) = aa? + bz + c. Either form will work
and which you find to be the easiest will probably depend on you. We’'ll use the first form
so we can get another example of that form.

To make our equation up to the first form let’s do a little rewrite on our equation. Let’s write
it as,
fx)=322+7=3x—-0>+7

Note that we haven’t changed the equation! All we’ve done is use © = = — 0 to get the
forms to match up.
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After doing this we can see that the vertexis : (0,7).
Also note that a = 3 > 0 for this parabola and so the parabola will open upwards.

In this case we can see that the vertex above is on the y-axis (the z coordinate is zero!)
and so it is also the y-intercept for the parabola!

For the z-intercepts we just need to solve the equation f (x) = 0. So, let’s solve that for
our equation.

322 4+7=0
32 = -7
7
2—_7
TTT3
7 7

So, in this case the solutions to this equation are complex numbers and so we know that
this parabola will have no x-intercepts.

Note that we did not really need to solve the equation above to see that there would be no
z-intercepts for this problem. An alternate method would be to do the following analysis.

From the first step we found that the vertex was (0, 7), which is above the z-axis, and we
also noted that the parabola opened upwards. So, the parabola starts above the x-axis
and opens upwards and we know that once a parabola starts opening in a given direction
it won’t turn around and start going in the opposite direction. Therefore, because there is
no way for the parabola to go down to the x-axis, there is no way for there to be z-intercepts
for this problem.

In this case we didn’t have x-intercepts and the y-intercept also happens to be the vertex.
So, at this point we have only have one point on the graph. To get points on either side of
the vertex all we need to do is do a couple of quick function evaluations to find points on
either side of the vertex.
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We'll use the following two points.

(=2,f(=2)) = (=2,19) (2,f(2) = (2,19)

Here is a sketch of the parabola including all the points we found above.

e T
[_2,19) 21};— [2,19:] /
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4. Sketch the graph of the following parabola. The graph should contain the vertex, the y-intercept,
z-intercepts (if any) and at least one point on either side of the vertex.

f(z) =2+ 122 + 11

(a4 (ay)) = o t-on =629

Let's find the vertex first. In this case the equation is in the form f (z) = ax? + bx + c¢. And
so we know the vertex is the point (=2, f (—£)). The vertex is then,
Also note that a = 1 > 0 for this parabola and so the parabola will open upwards.

The y-interceptis just the point (0, f (0)). Aquick function evaluation gives us that f (0
and so for our equation the y-intercept is (0, 11).

For the z-intercepts we just need to solve the equation f (x) = 0. So, let’s solve that for
our equation.

22 +122+11=0
(z4+1)(z+11)=0 — z=-1, z=-11

The two z-intercepts for this parabola are then : (—1,0) and (—11,0).

Because we had two z-intercepts for this parabola we already have at least one point on
either side of the vertex and so we don'’t really need to find any more points for our graph.

However, just for the practice let’s find the point corresponding to the y-intercept on the
other side the vertex.

The y-intercept is a distance of 6 to the right of the vertex and so there will be a correspond-
ing point at the same y value to the left and it will be a distance of 6 to the left of the vertex.
Therefore, the point to the left of the vertex corresponding to the y-intercept is (—12,11).
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Here is a sketch of the parabola including all the points we found above.

] 5 1 \ ] ] 5 ] ] ] 5 |, 5 ]
T4 -2 10 -8 -6 -4 —"-"(_ Y

\\ ff -15
\ / =20
\__H_*_ e a5
(—6,-25) %

5. Sketch the graph of the following parabola. The graph should contain the vertex, the y-intercept,
z-intercepts (if any) and at least one point on either side of the vertex.

f(x) =22% — 122 +26

Let’s find the vertex first. In this case the equation is in the form f (z) = az® + bz + ¢. And
so we know the vertex is the point (=2, f (—£)). The vertex is then,

(~50 (~333) ) ~GIB) =69

Also note that a = 2 > 0 for this parabola and so the parabola will open upwards.

The y-intercept s just the point (0, f (0)). Aquick function evaluation gives us that f (0) = 26
and so for our equation the y-intercept is (0, 26).
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For the z-intercepts we just need to solve the equation f (x) = 0. So, let’s solve that for
our equation.

202 — 120 +26=0 — 2= =342

124/(-12° ~4(2)(26) 124 61
2(2) N 4

So, in this case the solutions to this equation are complex numbers and so we know that
this parabola will have no x-intercepts.

Note that we did not really need to solve the equation above to see that there would be no
x-intercepts for this problem. An alternate method would be to do the following analysis.

From the first step we found that the vertex was (3, 8), which is above the z-axis, and we
also noted that the parabola opened upwards. So, the parabola starts above the x-axis
and opens upwards and we know that once a parabola starts opening in a given direction
it won’t turn around and start going in the opposite direction. Therefore, because there is
no way for the parabola to go down to the x-axis, there is no way for there to be z-intercepts
for this problem.

In this case all we have are the vertex and the y-intercept (which is on the left side of the
vertex). So, we’ll need a point that is on the right side of the vertex and we can find the
point on the left side of the vertex that corresponds to the y-intercept for this point.

The y-intercept is a distance of 3 to the left of the vertex and so there will be a corresponding
point at the same y value to the right and it will be a distance of 3 to the right of the vertex.
Therefore, the point to the right of the vertex corresponding to the y-intercept is (6, 26).

Here is a sketch of the parabola including all the points we found above.
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6. Sketch the graph of the following parabola. The graph should contain the vertex, the y-intercept,
z-intercepts (if any) and at least one point on either side of the vertex.

f(x)=42> —4z +1

Let's find the vertex first. In this case the equation is in the form f (z) = ax? + bx + c. And
so we know the vertex is the point (—2, f (—£)). The vertex is then,

a

2/ (zw)) - (27 (3)) - (2)

Also note that a = 4 > 0 for this parabola and so the parabola will open upwards.

-~ J

The y-intercept is just the point (0, f (0)). A quick function evaluation gives us that f (0) =1
and so for our equation the y-intercept is (0, 1).

-~

For the z-intercepts we would normally solve the equation f (z) = 0. However, in this case
we don’t need to do that. From the first step we see that the vertex has a y-coordinate of
zero and hence is also an z-intercept. Also, because it is the vertex this can be the only

—_—
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z-intercept for this function.

Note that if we’d solved the equation we would have also arrived at this single xz-intercept.

In this case all we have are the vertex (which also happens to be the single z-intercept)
and the y-intercept (which is on the right side of the vertex). So, we’ll need a point that is
on the left side of the vertex and we can find the point on the left side of the vertex that
corresponds to the y-intercept for this point.

The y-intercept is a distance of 1 to the left of the vertex and so there will be a corresponding
point at the same y value to the right and it will be a distance of 1 to the right of the vertex.
Therefore, the point to the right of the vertex corresponding to the y-interceptis (1, 1).

Here is a sketch of the parabola including all the points we found above.

7. Sketch the graph of the following parabola. The graph should contain the vertex, the y-intercept,
z-intercepts (if any) and at least one point on either side of the vertex.

f(x)=—32>+6x+3
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Let's find the vertex first. In this case the equation is in the form f (z) = ax? + bx + c. And
so we know the vertex is the point (—£, f (—£)). The vertex is then,

a

s/ (F30g)) —r 1 =00)

Also note that a = —3 < 0 for this parabola and so the parabola will open downwards.

R

The y-intercept is just the point (0, f (0)). Aquick function evaluation gives us that f (0) = 3
and so for our equation the y-intercept is (0, 3).

-~

For the z-intercepts we just need to solve the equation f (x) = 0. So, let’s solve that for
our equation.

372 +62+3=0 — =x=

—6+,/62—4(-3)(3)  —6+V72 —6+6v2
2 (—3) - S =6 =1£v2

The two z-intercepts for this parabola are then : (1 — /2,0) = (—0.4142,0) and
(1++2,0) = (2.4142,0).

Because we had two x-intercepts for this parabola we already have at least one point on
either side of the vertex and so we don’t really need to find any more points for our graph.

However, just for the practice let’s find the point corresponding to the y-intercept on the
other side the vertex.

The y-intercept is a distance of 1 to the left of the vertex and so there will be a corresponding
point at the same y value to the right and it will be a distance of 1 to the right of the vertex.
Therefore, the point to the right of the vertex corresponding to the y-intercept is (2, 3).
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Here is a sketch of the parabola including all the points we found above.

\H
/ﬁ

8. Convert the following equations into the form y = a(x — h)* + k.

f(x) =2 — 242 + 157

We'll need to do the modified completing the square process described in the notes for this
section.

The first step in this process is to make sure that we have a coefficient of one on the z2,
which we already have, so there is nothing we need to do in that regards for this problem.

Next, we need to take one-half the coefficient of the x, square it and then add and subtract
it onto the equation.
—24\? )

f(z) =% — 242 +144 — 144 4 157
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[ f(z)=(z—12)* +13 ]

Finally, all we need to do is factor the first three terms and combine the last two numbers
to get, |

9. Convert the following equations into the form y = a(x — h)* + k.
fz)=6x*+122+3

We’ll need to do the modified completing the square process described in the notes for this
section.

The first step in this process is to make sure that we have a coefficient of one on the z2.
So, for this problem that means we need to factor a 6 out of the quadratic to get,

f(x)zﬁ(m2+2x+;>

Be careful to not just cancel out a 6 from each term! We need to factor it out.

Next, we need to take one-half the coefficient of the z, square it and then add and subtract

it onto the equation.
2 2
(3) =

f(x):6<x2+2x+1—1+;>

Make sure to do the adding/subtracting inside the parenthesis. If we did it outside of the
parenthesis we would not be able to do the next step!

2 1

P =6 (o412 )

Next, we need to factor the first three terms and combine the last two numbers to get, |
—-251 -
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Finally, all we need to do is multiply the 6 back through the parenthesis to get,
[ f(z)=6(z+1)* -3 ]

10. Convert the following equations into the form y = a(z — h)2 + k.

f(r)=—2®—8zx—18

We'll need to do the modified completing the square process described in the notes for this
section.
The first step in this process is to make sure that we have a coefficient of one on the z2.

So, for this problem that means we need to factor a minus sign out of the quadratic to get,

f(z) = — (2* + 8z + 18)

Next, we need to take one-half the coefficient of the x, square it and then add and subtract
it onto the equation.
8\? )
(5) -1

f(z)=—(2*+8z+16 — 16 + 18)

Make sure to do the adding/subtracting inside the parenthesis. If we did it outside of the
parenthesis we would not be able to do the next step!

Next, we need to factor the first three terms and combine the last two numbers to get,

f(@) == (@+4+2)
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Finally, all we need to do is multiply the 6 back through the parenthesis to get,

f(2)=—(z+4)* -2
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4.3 Ellipses

1. Sketch the graph of the following ellipse.

<x+93)2+(y35>2:1

The first step here is to simply compare our equation to the standard form of the ellipse and
identify all the important information. For reference purposes here is the standard form of
the ellipse.
— h)? —k)?
@=h? W=k
a b2

Comparing our equation to this we can see we have the following information.

=1

h=-3 k=5 a=3 b=+3

Do, not worry about the square root in 5. There is no reason to expect any of the numbers
in the denominator to be perfect squares. They often aren’t and so we need to be able to
deal with them when they aren’t. When we do get roots showing up it just means a couple
of the points will be decimals instead of “nice” integers like we usually see with these kinds
of problems.

With the information we found in the first step we can see that the center of the ellipse is
(—3,5).

The right most, left most, top most and bottom most points are then,

Right Most Point : (0, 5)
Left Most Point : (—6,5)
Top Most Point : (—3, 5+ \/§> = (—3,6.7321)

Bottom Most Point : (3,5 — v3) = (~3,3.2679)

Here is a sketch of the ellipse including all the points we found above.
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The first step here is to simply compare our equation to the standard form of the ellipse and
identify all the important information. For reference purposes here is the standard form of

the eIIipse.
(1" h)2 (y k)2

To help with the comparison let’s rewrite our equation a little to make it look more like the

standard form. ) )
@-0°, 4-1* _
1 4

We don't really need the “1” in the denominator nor do we need the “-0” in the numerator
of the first term, but it might help to with the comparison process.

Comparing our equation to this we can see we have the following information.

With the information we found in the first step we can see that the center of the ellipse is
(0,1).
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The right most, left most, top most and bottom most points are then,

Right Most Point : (1,1)
Left Most Point: (—1,1)
Top Most Point : (0, 3)
Bottom Most Point : (0, —1)

Here is a sketch of the ellipse including all the points we found above.

¥

(0.3)

3. Sketch the graph of the following ellipse.

w+4 _,

Az +2)* +
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The first step here is to simply compare our equation to the standard form of the ellipse and
identify all the important information. For reference purposes here is the standard form of

the ellipse.
2 2
@1 w=h_,
a b2

To help with the comparison let’s rewrite our equation a little to make it look more like the

standard form. ) )
GRS AL

1
4

In order to properly identify a and b the numbers need to be in the denominator. So, we
needed to move the 4 from the numerator of the first term into a ¥4 in the denominator.

Comparing our equation to this we can see we have the following information.

With the information we found in the first step we can see that the center of the ellipse is
(=2, —4).

The right most, left most, top most and bottom most points are then,

Right Most Point: (—1.5,—4)
Left Most Point : (—2.5, —4)
Top Most Point : (-2, —2)
Bottom Most Point : (-2, —6)

Here is a sketch of the ellipse including all the points we found above.
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R
Z3 2 -1 *
1l
22 |
3l
(~2.5,-4) (-1.5,-4
[ L l} -4 F
5l
_6lL
(—2.-6)

4. Complete the square on the = and y portions of the equation and write the equation into the
standard form of the equation of the ellipse.

2?2+ 8z +3y>—6y+7=0

The process here will be very similar to the process we used in the previous section to
write equations of parabolas in standard form. We'll modify it slightly and also need to do
an extra step or two but it is pretty similar to that process.

The first step is to make sure the coefficient of the 2% and y? is a one. For the 2% we already
have a coefficient of one and so we don’t need to do anything with that. The y? however
has a coefficient of 3 and so we need to take care of that. What we will do is factor a 3 out
of every term involving a y. Doing that gives,

2 +8r+3(y° —2y)+7=0
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Note that unlike the parabola work we don’t factor anything out of the constant term regard-
less of what we factor out of the 2 and/or y terms.

Now let’s get started on completing the square. First, we need one-half the coefficient of the
x and y term, square each and the add/subtract those numbers in the appropriate places

as follows, ) )
8 2 ) —2 2
<2> (42 =16 <2> (1)
2? + 8z +16 — 16 +3(y2 -2y +1 1) +7=0

Be careful with the y term! Make sure that when you add/subtract it you put it in the paren-
thesis!

Next, we need to factor the = and y terms and add up all the constants.
(x+4)2—16+3((y—1)2—1) +7=0
(z+4)2+3@y—-1)2+7-16-3=0
(x+4)°+3y—-1)—-12=0
e

When adding the constants up, make sure to multiply the 3 through the y terms befor
adding the constants up.

all we need to do is divide everything by 12 and we’ll do a little simplification work on the y
term.

(z+4)°  3(y-1)° (z+4)°  (y—1)°
=1 =1
2 T 12 = 12 T 4

To finish things off we'll first move the 12 to the other side of the equation.
(x+4)* +3(y —1)* =12
To get this into standard form we need a one on the right side of the equation. To get this
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5. Complete the square on the x and y portions of the equation and write the equation into the
standard form of the equation of the ellipse.

922 4+ 126z + 4y% — 32y + 469 = 0

The process here will be very similar to the process we used in the previous section to
write equations of parabolas in standard form. We'll modify it slightly and also need to do
an extra step or two but it is pretty similar to that process.

The first step is to make sure the coefficient of the 22 and y? is a one. The z? has a
coefficient of 9 and the 32 has a coefficient of 4 and so we need to take care of each of
those. What we will do is factor a 9 out of every term involving an x and factor a 4 out of
every term involving a y. Doing that gives,

9 (2% + 14z) 4+ 4 (y> — 8y) + 469 =0

Note that unlike the parabola work we don’t factor anything out of the constant term regard-
less of what we factor out of the x and/or y terms.

Now let’s get started on completing the square. First, we need one-half the coefficient of the
x and y term, square each and the add/subtract those numbers in the appropriate places

as follows, ) )
14 9 —8 5
—) =("°=1 — ] =(-4)*= 16
(3) —or=w (T) =car=1
9 (2® + 142 +49 — 49) + 4 (y* — 8y +16 — 16) + 469 = 0

Be careful you add/subtract these numbers and make sure you put them in the parenthesis!

Next, we need to factor the = and y terms and add up all the constants.

9 ((x +7)?—49) + 4 ((y —4)?16) +469 =0
9(z+7)% +4(y —4)> + 469 —441 —64 =0
9z +17)%+4(y—4)*—36=0

When adding the constants up, make sure to multiply the 9 through the x terms and the 4
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Lthrough the y terms before adding the constants up. J

To finish things off we'll first move the 36 to the other side of the equation.
9 ((:1: + 7)2) +4 ((y - 4)2) — 36

To get this into standard form we need a one on the right side of the equation. To get this
all we need to do is divide everything by 36 and we’ll do a little simplification work on the
terms.

9 ((x;; 7)2) . 4 ((y?;S 4)2> PR (:cz7)2 L —94)2 _1
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4.4 Hyperbolas

1. Sketch the graph of the following hyperbola.

The first step here is to simply compare our equation to the standard form of the hyperbola
and identify all the important information. For reference purposes here is the standard form
of the hyperbola that matches the one we have here.

(y—k)°® (z—h)?
b2 a?

=1

Comparing our equation to this we can see we have the following information.

Because the y term is the positive term we know that this hyperbola will open up and down.

With the information we found in the first step we can see that the center of the hyperbola
is (2,0).

The vertices of hyperbola are : (2, —4) and (2,4).
The equations of the two asymptotes are,

4 4 8 4 8
= — —2 = —r — — = —_ = —2 = —— —
y=0+s(@-2=cr—3 y=0-;(@—2=—Zo+_
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Here is a sketch of the hyperbola including the points and asymptotes we found above.

2. Sketch the graph of the following hyperbola.

(:L"+3)2_ (y—1)° _
4 9

The first step here is to simply compare our equation to the standard form of the hyperbola
and identify all the important information. For reference purposes here is the standard form
of the hyperbola that matches the one we have here.

(x—h)? (y—k)?*_

a2 2 =1

Comparing our equation to this we can see we have the following information.

Because the x term is the positive term we know that this hyperbola will open right and left.
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With the information we found in the first step we can see that the center of the hyperbola
is (—3,1).

The vertices of hyperbola are : (—5,1) and (—1,1).
The equations of the two asymptotes are,

3 3 11 3 3 7
Y +2(:E—|—3) 23:—1—2 Y 2(:13+3) 5% 5

Here is a sketch of the hyperbola including the points and asymptotes we found above.

11
z

3. Sketch the graph of the following hyperbola.
)2 o (y + 1)2

3(z—1 =1

The first step here is to simply compare our equation to the standard form of the hyperbola
and identify all the important information. For reference purposes here is the standard form
of the hyperbola that matches the one we have here.

(x—h)? (y—k)?® _

a? 2 =1
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To help with the comparison let’s rewrite our equation a little to make it look more like the

standard form. ) )
—D° +y"
2

In order to properly identify a and b the numbers need to be in the denominator. So, we
needed to move the 3 from the numerator of the first term into a 1/3 in the denominator.

Comparing our equation to this we can see we have the following information.

1 1
h=1 k=-1 a=y/-=— b=V2

37 V3
Do not get excited about the square roots in the a and b. They will be present on occasion
and so we need to be able to deal with them. Also, in order to make it slightly easier to deal
with we did simplfy the a by taking the square root of both the numerator (which was really
easy to compute) and the denominator.

Because the x term is the positive term we know that this hyperbola will open right and left.

With the information we found in the first step we can see that the center of the hyperbola
is (1,—-1).

The vertices of hyperbola are : (1 — %, —1) = (0.4226,—1) and
1 —
(1 + L, —1) — (1.5774, -1).

The equations of the two asymptotes are,

y:—1+1\/\f2[(x—1):\/6$—\/6—1 y:—l—l\/\@[(fn—l):—\/ém—i—\/é—l
3 3

The asymptotes in this case are somewhat messier than we are used to dealing with be-
cause of the square roots but they work the same way all lines do. The only difference is
the numbers are simply messier.

Also note that we simplified the slopes as follows,

1£=\/§§:\/2(3):\/6
/3 1
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Here is a sketch of the hyperbola including the points and asymptotes we found above.

y=—fEx+af6 -1 y=nf6x—1f6-1

4. Complete the square on the = and y portions of the equation and write the equation into the
standard form of the equation of the hyperbola.

da? =320 — 2 — 4y +24=0

The process here will be is identical to the process we used in the previous section to write
equations of ellipses in standard form.

The first step is to make sure the coefficient of the 22 and y? is a one. The z? has a
coefficient of 4 and the y? has a coefficient of -1. What we will do is factor a 4 out of every
term involving an z and a -1 out of ever term involving a y. Doing that gives,

4(2® —8x) — (¥ +4y) +24=0

Be careful with these kinds of problems and don’t forget that even a coefficient of -1 needs
to be taken care of!
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Now let’s get started on completing the square. First, we need one-half the coefficient of the
x and y term, square each and the add/subtract those numbers in the appropriate places

as follows, ) )
—8 2 4 2
— ) =(-4)*=1 -] =@)?%*=1
(3) —car=1 (3) -
4(z* =8z +16 — 16) — (y* +4y+4 —4) +24=0

Be careful you add/subtract these numbers and make sure you put them in the parenthesis!

Next, we need to factor the z and y terms and add up all the constants.

4 ((a: —4)? —16) - ((y +2)2 4) 1 24=0
Az —4)° —(y+2)*+24—64+14=0
Az —4)? - (y+2)2-36=0

When adding the constants up, make sure to multiply the 4 through the = terms and the -1
through the y terms before adding the constants up.

To finish things off we'll first move the 36 to the other side of the equation.
Az —4) - (y+2)* =36
To get this into standard form we need a one on the right side of the equation. To get this

all we need to do is divide everything by 36 and we’ll do a little simplification work on the z
term.

2 2 2 2
-4 +2)° (@—-4)° (+2)° _,
36 36 9 36
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5. Complete the square on the x and y portions of the equation and write the equation into the
standard form of the equation of the hyperbola.

25y% + 250y — 1622 — 322 + 209 = 0

The process here will be is identical to the process we used in the previous section to write
equations of ellipses in standard form.

The first step is to make sure the coefficient of the 22 and y? is a one. The z? has a
coefficient of -16 and the y? has a coefficient of 25. What we will do is factor a -16 out of
every term involving an x and a 25 out of ever term involving a y. Doing that gives,

25 (y* + 10y) — 16 (2® + 2z) +209 = 0

Now let’s get started on completing the square. First, we need one-half the coefficient of the
x and y term, square each and the add/subtract those numbers in the appropriate places

as follows, ) )
10 2 2 2
—) =(G)?* =2 ) =)=
(3) =6 () -
25 (y? + 10y +25 — 25) — 16 (2® + 2z +1 — 1) +209 = 0

Be careful you add/subtract these numbers and make sure you put them in the parenthesis!

Next, we need to factor the z and y terms and add up all the constants.

25 ((y +5)2 —25) — 16 ((33 1)? 71) 4209 = 0
25(y + 5)% — 16(z 4 1)* 4+ 209 —625 +16 = 0
25(y + 5)* — 16(z + 1)* — 400 = 0

When adding the constants up, make sure to multiply the -16 through the = terms and the
25 through the y terms before adding the constants up.
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To finish things off we’ll first move the 400 to the other side of the equation.
25(y + 5)% — 16(z + 1)* = 400
To get this into standard form we need a one on the right side of the equation. To get this

all we need to do is divide everything by 400 and we’ll do a little simplification work on the
terms.

25(y+5)2_16(x+1)2_1 N (y+5)2_(x+1)2_1
400 400 16 25
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4.5 Miscellaneous Functions

The sole purpose of this section was to get you familiar with the basic shape of some miscellaneous
functions for the next section. As such there are no problems for this section. You will see quite a
few problems utilizing these functions in the Transformations section.
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4.6 Transformations

1. Use transformations to sketch the graph of the following function.

fz)=Vz+4

Let’s first identify the “base” function (i.e. the function we are transforming). In this case it
looks like we are transforming g (z) = /x .

The function that have here looks like it can be written as,

fl@)=Vva+i=g(x)+4

Therefore, we can see that the graph of f (x) is simply going to be the graph of ¢ (x) shifted
up by 4.

Here is a sketch of both the base function (blue dashed curve) and the function we were
asked to graph (red solid curve).

[y
b =
[FE}
s
Ln
(=]
4
oo
=]
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2. Use transformations to sketch the graph of the following function.

flz)y=2%-2

Let’s first identify the “base” function (i.e. the function we are transforming). In this case it

looks like we are transforming g (z) = 23 .

The function that have here looks like it can be written as,
fla)=a"-2=g(z) -2

Therefore, we can see that the graph of f (z) is simply going to be the graph of ¢ () shifted
down by 2.

Here is a sketch of both the base function (blue dashed curve) and the function we were
asked to graph (red solid curve).

( Y

A
g(x)=#"
ra

-,

3. Use transformations to sketch the graph of the following function.

fa) = |z +2]
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looks like we are transforming g (z) = |z| .

The function that have here looks like it can be written as,
fl@)=lz+2l=g(z+2)
Therefore, we can see that the graph of f (z) is simply going to be the graph of ¢ (z) shifted

Let’s first identify the “base” function (i.e. the function we are transforming). In this case it |

left by 2.

Here is a sketch of both the base function (blue dashed curve) and the function we were
asked to graph (red solid curve).
¥
) X

4. Use transformations to sketch the graph of the following function.

f(2) = (z = 5)°

Let’s first identify the “base” function (i.e. the function we are transforming). In this case it
looks like we are transforming g (z) = 22 .
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The function that have here looks like it can be written as,
f@)=(z-5"=g(z—5)

Therefore, we can see that the graph of f (z) is simply going to be the graph of ¢ (z) shifted
right by 5.

Here is a sketch of both the base function (blue dashed curve) and the function we were
asked to graph (red solid curve).

¥
\ 4 |
\ /
\ sl |
! I
' /
zl" / 2
g(x)=x"\ ; F(x)=(x-5)
\ 1+ /
A 1
N ;
| | e | | | | | | | x
-2 -1 1 p 3 4 3 [ 7

5. Use transformations to sketch the graph of the following function.

f(2) = -2

Let’s first identify the “base” function (i.e. the function we are transforming). In this case it
looks like we are transforming g (z) = 23 .
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The function that have here looks like it can be written as,
f@)=—a* = —g()

Therefore, we can see that the graph of f (z) is simply going to be the graph of g (z)
reflected about the z-axis.

Here is a sketch of both the base function (blue dashed curve) and the function we were
asked to graph (red solid curve).

¥
ir /
6L £
/
4+ /g[x):xE
’
g -
-~
| | - — | x
-1 -+ = L 2
- -2F
p L
’ -4+ fla)=-x
y L
/ 'f'_'
! .
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6. Use transformations to sketch the graph of the following function.

fx)=vVx+4-3

Let’s first identify the “base” function (i.e. the function we are transforming). In this case it
looks like we are transforming ¢ () = /x .

The function that have here looks like it can be written as,

f@)y=vax+4—-3=g(x+4)—3

Therefore, we can see that the graph of f (z) is simply going to be the graph of ¢ (z) shifted
left by 4 and down by 3.

Here is a sketch of both the base function (blue dashed curve) and the function we were
asked to graph (red solid curve).

( Y

3k -
PR 12
| S

7. Use transformations to sketch the graph of the following function.

flae) =z —7+2
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Let’s first identify the “base” function (i.e. the function we are transforming). In this case it
looks like we are transforming g (z) = |z| .

The function that have here looks like it can be written as,

fl@)=lz=7+2=9g(x—-7)+2

Therefore, we can see that the graph of f (z) is simply going to be the graph of ¢ (z) shifted
right by 7 and up by 2.

Here is a sketch of both the base function (blue dashed curve) and the function we were
asked to graph (red solid curve).

¥
s
4k
fl[x:l:|x—?|+2
\ 3ir /
Y i
\ 2L /
kY {
by !
V1 sglx)=la|
Y £
I I E I I I 1 Ly
-3 -1 1 3 3 7 & 11
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4.7 Symmetry

1. Determine the symmetry of each of the following equation.

x=4y5 —¢?

Let’s first check for symmetry about the xz-axis. To do this we need to replace all the y’s
with -y.
r=4(-y°—(-y)? = w=4"—y

The resulting equation is identical to the original equation and so is equivalent to the original
equation. Therefore, the equation is has symmetry about the z-axis.

Next, we’ll check for symmetry about the y-axis. To do this we need to replace all the z’s
with —z.
—r = 4y6 o y2

The resulting equation is not equivalent to the original equation (i.e. it is not same nor is it
the same equation except with opposite signs on every term). Therefore, the equation is
does not have symmetry about the y-axis.

Finally, a check for symmetry about the origin. For this check we need to replace all the
y’s with —y and to replace all the z’s with —z.

—r=4(-y)° - (—y)® = =4y

The resulting equation is not equivalent to the original equation (i.e. it is not same nor is
it the same equation except with opposite signs on every term). Therefore, the equation
does not have symmetry about the origin.
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2. Determine the symmetry of each of the following equation.

Let’s first check for symmetry about the xz-axis. To do this we need to replace all the y’s
with —y.
(—y)° z? y? 2’

The resulting equation is identical to the original equation and so is equivalent to the original
equation. Therefore, the equation is has symmetry about the z-axis.

Next, we’ll check for symmetry about the y-axis. To do this we need to replace all the z’s

with —z. )
y? (—x) y? z?

The resulting equation is identical to the original equation and so is equivalent to the original
equation. Therefore, the equation is has symmetry about the y-axis.

Finally, a check for symmetry about the origin. For this check we need to replace all the
y’'s with —y and to replace all the z’s with —z.

The resulting equation is identical to the original equation and so is equivalent to the original
equation. Therefore, the equation is has symmetry about the origin.
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3. Determine the symmetry of each of the following equation.

2 =Ty — x> +2

Let’s first check for symmetry about the z-axis. To do this we need to replace all the y’s
with —y.
2t =7 (—y) — a2 +2 — 2t =Ty — 23 +2

The resulting equation is not equivalent to the original equation (i.e. it is not same nor is it
the same equation except with opposite signs on every term). Therefore, the equation is
does not have symmetry about the x-axis.

Next, we’ll check for symmetry about the y-axis. To do this we need to replace all the x’s
with —z.
(—z)? =Ty — (—2)* + 2 — 2P =Ty+a’+2

The resulting equation is not equivalent to the original equation (i.e. it is not same nor is it
the same equation except with opposite signs on every term). Therefore, the equation is
does not have symmetry about the y-axis.

Finally, a check for symmetry about the origin. For this check we need to replace all the
y’'s with —y and to replace all the z’s with —z.

(—a;)2 =T7(—y) — (—:c)3 +2 — > =—-Ty+a2>+2
The resulting equation is not equivalent to the original equation (i.e. it is not same nor is

it the same equation except with opposite signs on every term). Therefore, the equation
does not have symmetry about the origin.
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4. Determine the symmetry of each of the following equation.

y:4x2+m6—x8

Let’s first check for symmetry about the z-axis. To do this we need to replace all the y’s
with —y.
—y =42% + 28 — o8

The resulting equation is not equivalent to the original equation (i.e. it is not same nor is it
the same equation except with opposite signs on every term). Therefore, the equation is
does not have symmetry about the x-axis.

Next, we’ll check for symmetry about the y-axis. To do this we need to replace all the x’s
with —z.

y=4(-2)*+ (—2)° = (=z)® =  y=42® 252"
The resulting equation is identical to the original equation and so is equivalent to the original
equation. Therefore, the equation is has symmetry about the y-axis.

Finally, a check for symmetry about the origin. For this check we need to replace all the
y’'s with —y and to replace all the z’s with —z.

—y=4(—z)* 4 (—2)° — (=z2)® =  —y=da? 42528
The resulting equation is not equivalent to the original equation (i.e. it is not same nor is

it the same equation except with opposite signs on every term). Therefore, the equation
does not have symmetry about the origin.
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5. Determine the symmetry of each of the following equation.

y = Tx + 4x°

Let’s first check for symmetry about the z-axis. To do this we need to replace all the y’s
with —y.
—y = Tx + 42"

The resulting equation is not equivalent to the original equation (i.e. it is not same nor is it
the same equation except with opposite signs on every term). Therefore, the equation is
does not have symmetry about the x-axis.

Next, we’ll check for symmetry about the y-axis. To do this we need to replace all the x’s
with —z.
y="7(—z)+4(-2)° =  y=—Tr—42°

The resulting equation is not equivalent to the original equation (i.e. it is not same nor is it
the same equation except with opposite signs on every term). Therefore, the equation is
does not have symmetry about the y-axis.

Finally, a check for symmetry about the origin. For this check we need to replace all the
y’'s with —y and to replace all the z’s with —z.

—y =7 (—x) +4(—2)° — —y = Tz — 4x°

The resulting equation is the same as the original equation except all the signs are the op-
posite and so is equivalent to the original equation. Therefore, the equation has symmetry
about the origin.
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4.8 Rational Functions

1. Sketch the graph of the following function. Clearly identify all intercepts and asymptotes.

Let’s first find the intercepts for this function.
The y-intercept is the point (0, f (0)) = (0, 2).

For the x-intercepts we set the numerator equal to zero and solve. However, in this case
the numerator is a constant (-4 specifically) and so can’t ever be zero. Therefore, this
function will have no z-intercepts.

We can find any vertical asymptotes be setting the denominator equal to zero and solving.
Doing that for this function gives,
r—2=0 — =2

So, we'll have a vertical asymptote at = = 2.

For this equation the largest exponent of = in the numerator is zero since the numerator
is a constant. The largest exponent of = in the denominator is 1, which is larger than the
largest exponent in the numerator, and so the x-axis will be the horizontal asymptote.

From Step 2 we saw we only have one vertical asymptote and so we only have two regions
toourgraph: x <2and z > 2.
We’'ll need a point in each region to determine if it will be above or below the horizontal

asymptote. Here are a couple of function evaluations for the points.

f0)=2 = (0,2
fB)=—4 = (3,-4)
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Note that the first evaluation didn’t really need to be done since it was just the y-intercept
which we had already found in the first step. It was included here mostly for the sake of
completeness.

Here is a sketch of the function with the points found above. The vertical asymptote is
indicated with a blue dashed line and recall that the horizontal asymptote is just the z-axis.

2. Sketch the graph of the following function. Clearly identify all intercepts and asymptotes.

f(x):6_2m

1—z

Let’s first find the intercepts for this function.
The y-intercept is the point (0, f (0)) = (0, 6).

For the z-intercepts we set the numerator equal to zero and solve. Doing that for this
problem gives,
6—2x=20 — =3

So, the only z-intercept for this problem is (3,0).
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We can find any vertical asymptotes be setting the denominator equal to zero and solving.
Doing that for this function gives,

So, we’'ll have a vertical asymptote at © = 1.

-~ Y

For this equation the largest exponent of z in both the numerator and denominator is 1.
Therefore, the horizontal asymptote for this problem is then the coefficient of the z in the
numerator divided by the coefficient of the x in the denominator. Or,

__2_

=—=2
-1

Y

-~

From Step 2 we saw we only have one vertical asymptote and so we only have two regions
toourgraph: z < 1and x > 1.

We'll need a point in each region to determine if it will be above or below the horizontal
asymptote. Here are a couple of function evaluations for the points.

(0,6)

— (3,0)

1

6
0

Note that both of these are the intercepts we found in the first step. In this case they both
just happened to be on either side of the vertical asymptote and so we could use these two
points here.

-

Here is a sketch of the function with the points found above. The vertical and horizontal
asymptotes are indicated with blue dashed lines.

—_—
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3. Sketch the graph of the following function. Clearly identify all intercepts and asymptotes.

8

1o = vz —e

Let’s first find the intercepts for this function.
The y-intercept is the point (0, f (0)) = (0, —3).

For the z-intercepts we set the numerator equal to zero and solve. However, in this case the
numerator is a constant (8 specifically) and so can’t ever be zero. Therefore, this function
will have no z-intercepts.

We can find any vertical asymptotes be setting the denominator equal to zero and solving.
Doing that for this function gives,

Pt —-6=@+3)(z-2)=0 — 2x=-3 z=2

So, we’ll have two vertical asymptotes at x = —3 and = = 2.

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions — 286 —



Chapter 4 : Common Graphs Section 4.8 : Rational Functions

For this equation the largest exponent of = in the numerator is zero since the numerator
is a constant. The largest exponent of = in the denominator is 2, which is larger than the
largest exponent in the numerator, and so the x-axis will be the horizontal asymptote.

From Step 2 we saw we only have two vertical asymptotes and so we have three regions
toourgraph: z < -3, -3 <z <2and z > 2.

We’'ll need a point in each region to determine if it will be above or below the horizontal
asymptote.

Also, as we discussed in the notes, there are a couple of possible different behaviors in the
middle region. To determine just what the behavior is we need to get a couple of points in
this region. The best idea for points in the middle region is check a couple of points close
to the vertical asymptotes we know if the edge is going to be above or below the horizontal
asymptote.

Here are some function evaluations for the points.

From the second and third points we see that the curve in the middle region should be
below the horizontal asymptote (z-axis for this problem) at both edges and so the curve
will be completely below the horizontal asymptote in this whole region.

Here is a sketch of the function with the points found above. The vertical asymptote is
indicated with a blue dashed line and recall that the horizontal asymptote is just the z-axis.

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions — 287 -



Chapter 4 : Common Graphs Section 4.8 : Rational Functions

.t

4. Sketch the graph of the following function. Clearly identify all intercepts and asymptotes.

42% — 36
2 -2 —8

flx) =

Let’s first find the intercepts for this function.
The y-intercept is the point (0, f (0)) = (0, ).

For the z-intercepts we set the numerator equal to zero and solve. Doing that for this
problem gives,
422 -36=0 — 22=9 = =43

So, the two z-intercepts for this problem are (—3,0) and (3,0).

We can find any vertical asymptotes be setting the denominator equal to zero and solving.
Doing that for this function gives,

2?22 —-8=(x+2)(x—4)=0 — r=-2, v=4

So, we'll have two vertical asymptotes at x = —2 and = = 4.
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For this equation the largest exponent of z in both the numerator and denominator is 2.
Therefore, the horizontal asymptote for this problem is then the coefficient of the 22 in the
numerator divided by the coefficient of the z? in the denominator. Or,

4
:—:4
Y=1

From Step 2 we saw we only have two vertical asymptotes and so we have three regions
toourgraph: x < -2, -2 <x <4andz > 4.

We’'ll need a point in each region to determine if it will be above or below the horizontal
asymptote.

Also, as we discussed in the notes, there are a couple of possible different behaviors in the
middle region. To determine just what the behavior is we need to get a couple of points in
this region. The best idea for points in the middle region is check a couple of points close
to the vertical asymptotes we know if the edge is going to be above or below the horizontal
asymptote.

Here are some function evaluations for the points.

Fey=2 (-1.%)
g )
7 T

From the second and third points we see that the curve in the middle region should be
below the horizontal asymptote at the right edge and above the horizontal asymptote at
the left edge and so the curve will cross the horizontal asymptote in this region.

Also note that we used the two z-intercepts here because they worked out to be good
choices for points to use.
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Here is a sketch of the function with the points found above. The vertical and horizontal
asymptotes are indicated with blue dashed lines.
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5 Polynomial Functions

In this chapter we are going to take a more in depth look at polynomials. We’ve already solved
and graphed second degree polynomials (i.e. quadratic equations/functions) and we now want
to extend things out to more general polynomials. We will investigate dividing polynomials and
determining where a polynomial equal to zero. After we know how to determine where a polynomial
is zero we will take a look at how to get a rough sketch for a higher degree polynomial.

We will also be looking at Partial Fractions in this chapter. It doesn’t really have anything to do with
graphing polynomials but needed to be put somewhere and this chapter seemed like as good a
place as any.

The following sections are the practice problems, with solutions, for this material.
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5.1 Dividing Polynomials

1. Use long division to divide 3z — 522 + 3 by x + 2.

Let’s first perform the long division. Just remember that we keep going until the remainder
has degree that is strictly less that the degree of the polynomial we’re dividing by,  + 2 in
this case. The polynomial we’re dividing by has degree one and so, in this case, we’ll stop
when the remainder is degree zero, i.e. a constant.

Here is the long division work for this problem.

323 — 622 + Tz — 14
z+2)3a2% + 023 — 522 + 0z + 3

—(—3:1:4 + 61:3)
—623 — 522 4+ 0z + 3
—(—63:3 — 12x2)
722 + 0x + 3
—(756‘2 + 14ac)

—14x + 3
—(—14x — 28)

31

We can put the answer in either of the two following forms.

3zt — 522 +3 31
ST TS 908 6a? 4 7w — 14+
x4+ 2 xr+2

3¢% — 522 +3 = (2 +2) (32° — 627 + Tx — 14) + 31

Either answer is acceptable here although one may be more useful than the other depend-
ing on the application that is being done when you need to actually do the long division.
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2. Use long division to divide 2® + 222 — 3z +4 by z — 7.

Let’s first perform the long division. Just remember that we keep going until the remainder
has degree that is strictly less that the degree of the polynomial we’re dividing by, z — 7 in
this case. The polynomial we're dividing by has degree one and so, in this case, we'll stop
when the remainder is degree zero, i.e. a constant.

Here is the long division work for this problem.

22 + 92 + 60
x—?)x3+2x2—3x+4
f(x?‘ — 7x2)
92% — 3z + 4
—(92? — 63x)

60z + 4

—(60z — 420)

424

We can put the answer in either of the two following forms.

349222 -3 44 424
0+ 2z T + — 22 9604 2t
-7 z—17

2® +22° — 3z +4=(z—7) (2% + 9z + 60) + 424

Either answer is acceptable here although one may be more useful than the other depend-
ing on the application that is being done when you need to actually do the long division.
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3. Use long division to divide 22° + z* — 6x + 9 by 22 — 3z + 1.

Let’s first perform the long division. Just remember that we keep going until the remainder
has degree that is strictly less that the degree of the polynomial we're dividing by, 22 —3z+1
in this case. The polynomial we're dividing by has degree two and so, in this case, we’ll
stop when the remainder is degree one or zero.

Here is the long division work for this problem.

223 + Tz% + 192 + 50
22 — 3z 4+1)22° + 2 + 023 + 022 — 62 + 9
7(2$5 — 6% + 2:1?3)
Tt — 223 + 022 — 62+ 9
— (72 — 2123 + 72?)
1923 — 722 — 62 + 9
— (1923 — 5727 + 19z)

5022 — 252 + 9
— (5022 — 150z + 50)
1252 — 41

We can put the answer in either of the two following forms.

2 + 24 — 62+ 9 1252 — 41
T AT O o8 7a? 4105 4 50 4 ot T2
2 —3x+1 2 -3z +1

20° + 2" — 62+ 9 = (2 — 3z + 1) (22° + T2* + 192 + 50) + 1252 — 41

Either answer is acceptable here although one may be more useful than the other depend-
ing on the application that is being done when you need to actually do the long division.
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4. Use synthetic division to divide 23 + 22 + 2 + 1 by 2 + 9.

Here is the synthetic division. We'll leave it to you to check all the numbers.

-9 1 1 1 1
—9 72 —657

1 -8 73 —656

The answer is then,
P +2’+a+1=(x+9) (2 — 8z +73) — 656
Note that we only gave one form of the answer (unlike the first couple of problems) since

this is often the form we need when using synthetic division and it is also the form that
method is set up to give.

5. Use synthetic division to divide 723 — 1 by z + 2.

Here is the synthetic division. We'll leave it to you to check all the numbers.

-2/ 7 0 0 -1
—14 28 —56

7T —14 28 =57

The answer is then,
72® — 1= (2 +2) (72® — 14z + 28) — 57

Note that we only gave one form of the answer (unlike the first couple of problems) since
this is often the form we need when using synthetic division and it is also the form that
method is set up to give.

-~

6. Use synthetic division to divide 52% 4+ 22 — 8z + 2 by x — 4.
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Here is the synthetic division. We’'ll leave it to you to check all the numbers.

4 5 0 1 -8 2
20 80 324 1264
5 20 81 316 1266

The answer is then,

5at + 2 — 8z +2 = (v — 4) (52° + 202% + 81z + 316) + 1266

Note that we only gave one form of the answer (unlike the first couple of problems) since
this is often the form we need when using synthetic division and it is also the form that
method is set up to give.
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5.2 Zeroes/Roots of Polynomials

1. List all of the zeros of the following polynomial and give their multiplicities.

flz)=222 413z -7

For this problem we’ll first need to factor the polynomial.
flx)=222+13z-7T=2z—1)(x+7)

From this we see that we have the two zeroes/roots : z = % and x = —7.

-~

For the multiplicities just remember that the multiplicity of the zero/root is simply the expo-
nent on the term that produces the zero/root. Therefore, the multiplicities of each zero/root
is,
1 .
T=g multiplicity 1
x = —7: multiplicity 1

2. List all of the zeros of the following polynomial and give their multiplicities.

g(z) =25 — 32° — 62" + 102 4 212% 4 9z = z(x — 3)2(:C + 1)3

For this problem the polynomial has already been factored and so all we need to do is get
the zeroes/roots from the factored form.

The zeroes/roots of this polynomialare : © =0,z =3 and x = —1.

-~

For the multiplicities just remember that the multiplicity of the zero/root is simply the expo-
nent on the term that produces the zero/root. Therefore, the multiplicities of each zero/root

—_—
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3. List all of the zeros of the following polynomial and give their multiplicities.

A(x) = 2 + 227 — 292° — 7625 + 1992 4 7222 4 2612 — 648z — 432
= (x4 1)*(x—4)°(x—1)(z+3)°

For this problem the polynomial has already been factored and so all we need to do is ge
the zeroes/roots from the factored form.

The zeroes/roots of this polynomialare : v = -1,z =4,z =1and z = —3.

is,
x = 0 : multiplicity 1
x = 3 : multiplicity 2
x = —1: multiplicity 3
t]

For the multiplicities just remember that the multiplicity of the zero/root is simply the expo-
nent on the term that produces the zero/root. Therefore, the multiplicities of each zero/root
is,

x = —1: multiplicity 2

x =4 : multiplicity 2

x = 1: multiplicity 1

x = —3: multiplicity 3

4. x = ris a root of the following polynomial. Find the other two roots and write the polynomial in
fully factored form.
P(z) =3 —62® — 162 ; r = —2

polynomial as,

We know that = = —2 is a root of the polynomial and so we know that we can write the
P(z) = (z+2)Q(z)
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To find @ (x) all we need to do is a quick synthetic division.

—2 1 —6 —16 0

-2 16 0
1 -8 00
From this we see that,
Q(z)=2° -8z

We can now write down P (x) and it is simple enough to factor Q (z).

P(x):(x+2)(x2—8a:): z(r+2)(x—38)

G B U—

Finally, from the factored for of P (x) in the previous step we can see that the full list of
roots/zeroes are,

8
I
@)
8
I
|
[\
8
I
o

5. = = r is a root of the following polynomial. Find the other two roots and write the polynomial in
fully factored form.

Pz)=a3—T2> —6x+72;r=4

We know that x = 4 is a root of the polynomial and so we know that we can write the
polynomial as,

i
—~
&

I
—~

8

|
=~
~—
O
="
~—
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To find @ (x) all we need to do is a quick synthetic division.

4 1 -7 -6 T2
4 —12 -72
1 -3 —18 0

From this we see that,
Q(z) =2* — 3z — 18

We can now write down P (x) and it is simple enough to factor Q (z).

P(z)=(z—4) (2 -3z —-18) =| (z—4)(z—6)(z+3) ]

G B U—

Finally, from the factored for of P (x) in the previous step we can see that the full list of
roots/zeroes are,

8
Il
e
8
Il
(@)}
8
Il
|
w

6. = = r is a root of the following polynomial. Find the other two roots and write the polynomial in
fully factored form.

P(z) =323+ 162% =33z + 14 ;7 = -7

We know that z = —7 is a root of the polynomial and so we know that we can write the
polynomial as,

P(2) = (x+7)Q (x)

-~
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To find @ (x) all we need to do is a quick synthetic division.

-7 3 16 —-33 14
—21 35 —14
3 5 2 0

From this we see that,
Q(z) = 32% — 5z +2

We can now write down P (x) and it is simple enough to factor Q (z).

P(z)=(z+7) (32> — 5z +2) :[ (x4+7) Bx—2)(z—1)

Finally, from the factored for of P (x) in the previous step we can see that the full list of
roots/zeroes are,
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5.3 Graphing Polynomials

1. Sketch the graph of each of the following polynomial.
f(x) =23 —22% — 24z

The first step is to determine the zeroes of the polynomial and the multiplicity of each zero.
For this problem that means we’ll need to start off factoring the polynomial.

fl@)=2"—22* 242 =f(z) =2 (2* — 22— 24) =z (z — 6) (z +4)

We have the following list of zeroes and multiplicities.

x = —4: multiplicity 1
x = 0: multiplicity 1
x = 6 : multiplicity 1

Because the multiplicity of each of the zeroes is odd we know that each will correspond
to an z-intercept that will cross the z-axis (as opposed to just touching the z-axis without
actually crossing).

 —

The y-intercept for the function is : (0, f (0)) = (0,0). In this case the point is also an
z-intercept. This will happen on occasion so we’ll need to deal with it.

-

The coefficient of the 37¢ degree term is positive and so we know that the polynomial will
increase without bound at the right end and decrease without bound at the left end.

-~

Next, we need to pick a couple of points to graph. We’'ll pick one point on the left and right
end and it doesn’t matter which points to pick here so just pick one close to the zero on
either end. We’ll also pick a point between each pair of zeroes and again it doesn’t really
matter which points to pick so we’ll just pick points that are near the middle of each pair of
zeroes.

—_—
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Here are the function evaluations for this polynomial. We'll leave it to you to verify the

evaluations.
f(=5)==5  [f(-2)=32 [f(3)=-63 [f(7)=77
Finally, here is a quick sketch of the polynomial.
¥
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Note that your graph may not look quite like this one.

This is a computer generated graph and as such is very accurate. Using only Algebra
techniques it can be quite difficult to approach this kind of accuracy. As long as the basic
behavior of your graph is correct and you’ve got the extra points correctly graphed then you
should have something that is close enough to the actual graph to work for a quick sketch.

For those interested, there are several techniques from a Calculus class that allow for a
much more accurate sketch of the polynomial!
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2. Sketch the graph of each of the following polynomial.

g(x)=—2>+32-2=—(x—-1)2(x+2)

The first step is to determine the zeroes of the polynomial and the multiplicity of each zero.
For this problem the polynomial has already been factored.

We have the following list of zeroes and multiplicities.

x = —2: multiplicity 1
x = 1: multiplicity 2

Because the multiplicity of x = —2 is odd we know that this point will correspond to an
z-intercept that will cross the x-axis and x = 1 has an even multiplicity and so we know
that this point will correspond to an x-intercept that will just touch the z-axis but not cross
the z-axis.

-~ J

The y-intercept for the function is : (0,9 (0)) = (0, —2).

-

The coefficient of the 37¢ degree term is negative and so we know that the polynomial will
decrease without bound at the right end and increase without bound at the left end.

-~

Next, we need to pick a couple of points to graph. We’ll pick one point on the left and right
end and it doesn’t matter which points to pick here so just pick one close to the zero on
either end. We'll also pick a point between each pair of zeroes and again it doesn’t really
matter which points to pick so we’ll just pick points that are near the middle of each pair of
zeroes.

Here are the function evaluations for this polynomial. We'll leave it to you to verify the
evaluations.
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Finally, here is a quick sketch of the polynomial.
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Note that your graph may not look quite like this one.

This is a computer generated graph and as such is very accurate. Using only Algebra
techniques it can be quite difficult to approach this kind of accuracy. As long as the basic
behavior of your graph is correct and you’ve got the extra points correctly graphed then you
should have something that is close enough to the actual graph to work for a quick sketch.

For those interested, there are several techniques from a Calculus class that allow for a
much more accurate sketch of the polynomial!

3. Sketch the graph of each of the following polynomial.
hz)=at+2° 1222 + 4z + 16 = (z — 2)* (x + 1) (z + 4)

The first step is to determine the zeroes of the polynomial and the multiplicity of each zero.
For this problem the polynomial has already been factored.

We have the following list of zeroes and multiplicities.

x = —4: multiplicity 1
x = —1: multiplicity 1
x =2 : multiplicity 2

Because the multiplicity of x = —4 and + = —1 are odd we know that these point will
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correspond to z-intercepts that will cross the z-axis and = = 2 has an even multiplicity and
so we know that this point will correspond to an z-intercept that will just touch the z-axis
but not cross the z-axis.

-~

The y-intercept for the function is : (0,4 (0)) = (0, 16).

-~

The coefficient of the 4" degree term is positive and so we know that the polynomial will
increase without bound at both ends.

-~

Next, we need to pick a couple of points to graph. We’ll pick one point on the left and right
end and it doesn’t matter which points to pick here so just pick one close to the zero on
either end. We'll also pick a point between each pair of zeroes and again it doesn’t really
matter which points to pick so we’ll just pick points that are near the middle of each pair of
zeroes.

Here are the function evaluations for this polynomial. We'll leave it to you to verify the
evaluations.

h(—5)=196 h(-3)=-50 h(1)=10 h(3)=28

-~/

Finally, here is a quick sketch of the polynomial.

—_—
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(=5,196) 200

\ 100 -

Note that your graph may not look quite like this one.

This is a computer generated graph and as such is very accurate. Using only Algebra
techniques it can be quite difficult to approach this kind of accuracy. As long as the basic
behavior of your graph is correct and you’ve got the extra points correctly graphed then you
should have something that is close enough to the actual graph to work for a quick sketch.

For those interested, there are several techniques from a Calculus class that allow for a
much more accurate sketch of the polynomial!

4. Sketch the graph of each of the following polynomial.

P (z) =2° —122% — 162 = 2%(z + 2)? (z — 4)

The first step is to determine the zeroes of the polynomial and the multiplicity of each zero.
For this problem the polynomial has already been factored.

We have the following list of zeroes and multiplicities.

x = —2: multiplicity 2
x = 0: multiplicity 2
x =4 : multiplicity 1

Because the multiplicity of x = 4 is odd we know that this point will correspond to an
x-intercept that will cross the z-axis while x = —2 and x = 0 have even multiplicity and so

we know that these points will correspond to z-intercepts that will just touch the x-axis but
not cross the z-axis.

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions -307 -



Chapter 5 : Polynomial Functions Section 5.3 : Graphing Polynomials

The y-intercept for the function is : (0, P (0)) = (0,0). In this case the point is also an
z-intercept. This will happen on occasion so we’ll need to deal with it.

The coefficient of the 5! degree term is positive and so we know that the polynomial will
increase without bound at the right end and decrease without bound at the left end.

Next, we need to pick a couple of points to graph. We’ll pick one point on the left and right
end and it doesn’t matter which points to pick here so just pick one close to the zero on
either end. We'll also pick a point between each pair of zeroes and again it doesn’t really
matter which points to pick so we’ll just pick points that are near the middle of each pair of
zeroes.

Here are the function evaluations for this polynomial. We’'ll leave it to you to verify the
evaluations.

P(-3)=-63 P(-1)=-5 P(2)=-128 P (4.1)=62.55

For the point at the right end point we chose 4.1 because the graph got very large very fast
and this was the only way to keep the scale of the graph reasonable.

Finally, here is a quick sketch of the polynomial. \
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Note that your graph may not look quite like this one.

This is a computer generated graph and as such is very accurate. Using only Algebra
techniques it can be quite difficult to approach this kind of accuracy. That is especially true
in this case with the portion of the graph between z = 2 and x = 4. You'd only get it that
portion correct if you’d chosen to check the point at x = 3 which is not necessarily the

obvious choice.

As long as the basic behavior of your graph is correct and you've got the extra points
correctly graphed then you should have something that is close enough to the actual graph

to work for a quick sketch.

For those interested, there are several techniques from a Calculus class that allow for a
much more accurate sketch of the polynomial!
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5.4 Finding Zeroes Of Polynomials

1. Find all the zeroes of the following polynomial.
f(x) =223 —132% + 32 + 18

We’'ll need all the factors of 18 and 2.

18 : 1,42, +3, +6, +9, +18
2: 41, +2

Here is a list of all possible rational zeroes for the polynomial.

+1 +2 +3 +6 +9 +18

—Q = 1 —_— = —_— = —_— = _— = _ =
T + T +2 T +3 T +6 T +9 ) +18
+1  +1 iQ_ﬂ +3  +3 i6_i3 +9 49 +18
+2 42 +2 +2  +2 +2 +2  +2 +2

So, we have a total of 18 possible zeroes for the polynomial.

We now need to start the synthetic division work. We’ll start with the “small” integers first.

2 -13 3 18
~1]2 -15 18 0= f(-1)=o0l

Okay we now know that z = —1 is a zero and we can write the polynomial as,

f(z) =22 —132° + 3z + 18 = (z + 1) (22* — 152 + 18)

- J N\ J 4

We could continue with this process however, we have a quadratic for the second factor
and we can just factor this so the fully factored form of the polynomial is,

fz) =223 1322 + 32+ 18 = (x + 1) (2 — 3) (x — 6)

-~
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From the fully factored form we get the following set of zeroes for the original polynomial.

r==06

2. Find all the zeroes of the following polynomial.

P(z)=a" —32% —52° + 30+ 4

We’'ll need all the factors of 4 and 1.

4: 41,42 44
1:+1

Here is a list of all possible rational zeroes for the polynomial.

+1
+1

+2
+1

+4

+1 +2 — =
+1

+4

So, we have a total of 6 possible zeroes for the polynomial.

We now need to start the synthetic division work. We’ll start with the “small” integers first.

|1 -3 -5 3 4
~1[1 —4 -1 4 0=P(-1)=0!

Okay we now know that = = —1 is a zero and we can write the polynomial as,

P(x)=2"-32° 52 + 3z +4= (2 +1) (2 — 42® —z + 4)

U U | S
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So, now we need to continue the process using Q (z) = x3 — 422 — x + 4. The possible
zeroes of this polynomial are the same as the original polynomial and so we won’t write
them back down.

Here’s the synthetic division work for this @ () .

1 -4 -1 4
~1/1 -5 4 0=Q(-1)=o0!

Therefore, z = —1 is also a zero of ) (z) and the factored form of Q (z) is,

Qz)=2—42> —z+4=(z+1) (2* — 5+ 4)

This also means that the factored form of the original polynomial is now,

Px)=a'—32° 522 + 32 +4=(x+1)(z +1) (x2—5x—|—4) = (x4 1) (332—533—}—4)

We’re down to a quadratic polynomial and so we can and we can just factor this to get the
fully factored form of the original polynomial. This is,

Pz)=a* -3z —522 + 3z +4=(z+1)*(x—4)(z—1)

From the fully factored form we get the following set of zeroes for the original polynomial.

x = —1 (multiplicity 2) r=1 x=4

3. Find all the zeroes of the following polynomial.

A(z) =22t — 723 — 222 + 28z — 24
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We’'ll need all the factors of -24 and 2.

—24 1 41,42, 43,44, 46, £8, £12, 424
21 41,42

Here is a list of all possible rational zeroes for the polynomial.

+1 +2 +3 +4 6 +8

oo gt ogT=® o g=# = oo
EZjﬂQ :I:_24:j:24
+1 +1

+1 +1 +2 +

=2 _+# 2 ., 0 £HB_H 6 _ ., =B __,

+2 +2 +2 +2 +2 +2 +2 +2
+12 +24
E—:I:6 E_:HQ

So, we have a total of 20 possible zeroes for the polynomial.

We now need to start the synthetic division work. We’'ll start with the “small” integers first.

2 -7 -2 28 -2
12 —9 7 21 —45=A(-1)#0
2
2

—5 —7 21 —3=A(1)#£0

—2]2 —11 20 —12 0= A(-2) =0l

Okay we now know that = = —2 is a zero and we can write the polynomial as,

A(z) = 22" — 72° — 227 + 282 — 24 = (z + 2) (22° — 1127 + 202 — 12)
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So, now we need to continue the process using Q (z) = 223 — 1122 + 20z — 12. Here is a
list of all possible zeroes of Q ().

+1 +2 +3 +4 +6 +12
=1 =42 = — 43 =4 = =46 =2 =412
+1 +1 +1 +1 +1 +1
R T S R T ST S
+2 2 +2 +2 42 +2 +2 +2

So we have a list of 16 possible zeroes, but note that we’ve already proved that +1 can’t
be zeroes of the original polynomial and so can’t be zeroes of Q (z) either.

Here’s the synthetic division work for this @ ().
2 —11 20 -12

—2[2 —15 50 —112=Q(-2) £0
202 -7 6 0=Q(2)=0!

Therefore, = 2 is a zero of @) (x) and the factored form of Q (z) is,

Q (z) =22° — 112* + 20z — 12 = (z — 2) (22° — T2 + 6)

This also means that the factored form of the original polynomial is now,

A(z) = 20" — 72® — 227 + 282 — 24 = (z + 2) (z — 2) (22° — Tz + 6)

We’re down to a quadratic polynomial and so we can and we can just factor this to get the
fully factored form of the original polynomial. This is,

Az) =22 —7a% — 202+ 282 — 24 = (x +2) (z — 2) (z — 2) (22 — 3)
= (x+2) (x —2)* (2z — 3)

From the fully factored form we get the following set of zeroes for the original polynomial.

x= -2 x=— x =2 (multiplicity 2)
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4. Find all the zeroes of the following polynomial.

g(z) = 827 + 3621 + 4623 + 2% — 122 — 4

We’'ll need all the factors of -4 and 8.

441,42, 44
8: 41,42 +4, +8

Here is a list of all possible rational zeroes for the polynomial.

+1 +2 +4
S +1 S +2 o +4
+1  +1 +2 +4

+2 42 +2 +2

AL _ AL £2_ %1 o
+4 44 +4 42 +4

+1  +1 +2  +1 +4  +1
+8 48 +8 44 +8  +2

So, we have a total of 12 possible zeroes for the polynomial.

We now need to start the synthetic division work. We’'ll start with the “small” integers first.

|8 36 46 7 —12 —4
—1]8 28 18 —11 -1 -3=g(-1)#0
1(8 44 90 97 85 81=g(1)#0

Okay, notice that we have opposite signs for the two function evaluations listed above.
Recall that means that we know we have a zero somewhere between them.

So, let’s take a look at some of the fractions from our list and give them a try in the synthetic
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division table. We'll start with the fractions with the smallest denominators.

|8 36 46 7 -12 —4
~118 32 30 -8 -8 0=g(-1)=0!l

We now know that z = —% is a zero and we can write the polynomial as,

1
g () = 82° + 362" +462° + Ta® — 122 —4 = (m + 2) (82" + 322° 4 302° — 8z — 8)

So, now we need to continue the process using Q (z) = 8z* + 3223 4 3022 — 8z — 8. Here
is a list of all possible zeroes of @ ().

+1 +2 +4 +8
=41 =49 — =44 — =48
+1 +1 +1 +1

£ Hl 2, H_, B,
+2 42 +2 +2 +2

+1  +1 +2 41 +4 +8

1 44 0 Fiabe EWia
+1 £l +2 £l +4 £l j:8_i1
+8 48 +8 44 +8 42 +8

So we have a list of 14 possible zeroes (lots of repeats), but note that we’ve already proved
that +1 can’t be zeroes of the original polynomial and so can’t be zeroes of @ (z) either.

Here’s the synthetic division work for this @ (z) .

|8 32 30 -8 -8
—2[8 16 -2 -4 0=Q(-2)=0!

Therefore, x = —2 is a zero of @) (x) and the factored form of Q (z) is,

Q (z) = 8a* + 3223 + 3022 — 8z — 8 = (z + 2) (82° + 162 — 2z — 4)
This also means that the factored form of the original polynomial is now,

1
g(z) = 82" + 362" +462° + 72® — 122 — 4 = <x+2> (z +2) (82° + 162* — 2z — 4)
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So, it looks like we need to continue with the synthetic division. This time we’ll do it on the
polynomial P (z) = 82 + 1622 — 2z — 4.

The possible zeroes of this are the same as the original polynomial and so we won'’t write
them down here. Again, however, we've already proved that +1 can’t be zeroes of the
original polynomial and so can’t be zeroes of P (z) either.

Here is the synthetic division for P (z).

|8 16 —2 —4
—2[8 0 -2 0=P(-2)=0!

Therefore, z = —2 is a zero of P (x) and the factored form of P (z) is,

P(z) =8z + 162> — 22 — 4 = (z +2) (827 —2) =8(z +2) (”“2_411)

We factored an 8 out of the quadratic to make it a little easier for the next step.

The factored form of the original polynomial is now,

1 1
9(3:):8x5+36x4+46x3+7x2—123:—4:8<x+2) (¢ +2)° <x2_4>

We’re down to a quadratic polynomial and so we can and we can just factor this to get the
fully factored form of the original polynomial. This is,

1 1 1
g(x)—89[:5—1-36334—1—461:3—1-73:2—12x—4—8(az—l—2> (z +2)° <m+2> <x—2)

—8<x—|— ;)Z(x—l—Q)Q (x— ;)

From the fully factored form we get the following set of zeroes for the original polynomial.

T = _é (multiplicity 2) x = —2 (multiplicity 2) = - ‘
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Note that this problem was VERY long and messy. The point of this problem was really
just to illustrate just how long and messy these can get. The moral, if there is one, is that
we generally sit back and really hope that we don’t have to work these kinds of problems
on a regular basis. They are just too long and it’s too easy to make a mistake with them.
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5.5 Partial Fractions

1. Determine the partial fraction decomposition of each of the following expression.

17x — 53
2 —2x—15

The first step is to determine the form of the partial fraction decomposition. However, in
order to do that we first need to factor the denominator as much as possible. Doing this

gives,
172 — 53

(x —=5)(z+3)
Okay, we can now see that the partial fraction decomposition is,

172 -53 A N B
22-2c—15 -5 x+3

-~ Y

The LCD for this expression is (x — 5) (z + 3). Adding the two terms back up gives,

170 —53  A(x+3)+ B(x —5)
r2—2x—15  (z—5)(z+3)

Setting the numerators equal gives,

172 — 53 =A(z +3) + B (z — )

I

Now all we need to do is pick “good” values of z to determine the constants. Here is that

work.

r=-3: —~104 = —8B B =13

-~
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The partial fraction decomposition is then,
17z —-53 4 n 13
2-2x—-15 x-5 x+3

2. Determine the partial fraction decomposition of each of the following expression.

34 — 12z
322 — 10z — 8

gives,
34 — 12z
(3x +2)(x—4)

Okay, we can now see that the partial fraction decomposition is,

34—120 A N B
322 - 10z —8 3x+2 x—4

The first step is to determine the form of the partial fraction decomposition. However, in
order to do that we first need to factor the denominator as much as possible. Doing this

Setting the numerators equal gives,

34—12c=A(x—4)+ BBz +2)

The LCD for this expression is (3z + 2) (z — 4). Adding the two terms back up gives,
34—12z  A(x—4)+ B3z +2)
322 -10x -8  (3z+2)(z—4)
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Now all we need to do is pick “good” values of x to determine the constants. Here is that
work.

-~

x=4: —14=14B _
2 14 —
= —— —_ B = —1
x 3 42 3 A
The partial fraction decomposition is then,
34—-12¢ 9 1
372 -10z -8  3r+2 x-—4

3. Determine the partial fraction decomposition of each of the following expression.

125 + 4z — 922
(x—=1)(x+3)(z+4)

The first step is to determine the form of the partial fraction decomposition. For this problem
the partial fraction decomposition is,

125 + 42 — 922 A B C

(r—1)(z+3)(x+4) m—1+:v—|—3+:n+4

The LCD for this expression is (z — 1) (z + 3) (z + 4). Adding the terms back up gives,

125 + 4x — 922 Ax+3)(z+4)+Bx—-1)(z+4)+C(x—1)(z+3)

(x—=1)(x+3)(z+4) (x—=1)(x+3)(z+4)

Setting the numerators equal gives,

125442 — 92> =A(x+3) (e +4) +Bx—1)(z +4) +C(x —1) (z +3)

1 G I
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r=-3: 32 =-4B — = -8

Now all we need to do is pick “good” values of z to determine the constants. Here is that
work.
T = —4- —35=5C A=6
r=1: 120 = 20A C=-7

The partial fraction decomposition is then,

125 + 422 — 922 6 8 7

(z—1)(z+3)(x+4) z—-1 z+3 z+4

-~

4. Determine the partial fraction decomposition of each of the following expression.

10z 4+ 35
(x + 4)2

The first step is to determine the form of the partial fraction decomposition. For this problem
the partial fraction decomposition is,

10x + 35 A B
2 = + 2
(x+4) x+4  (z+4)

The LCD for this expression is (z + 4)2. Adding the terms back up gives,

102435 A(z+4)+B
(2 +4)° (a +4)*

S
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Setting the numerators equal gives,

10z +35=A(x+4)+ B

.

For this problem we can pick a “good” value of x to determine only one of the constants.
Here is that work.

8

I

|
W

|
ot

I
oy
1
vy

I

|
ot

To get the remaining constant we can use any value of 2 and plug that along with the value
of B we found in the previous step into the equation from Step 3.

It really doesn’t matter what value of = we pick as long as it isn't + = —4 since we used
that in the previous step. The idea here is to pick a value of x that won’t create “large”
or “messy” numbers, if possible. Good choices are often x = 0 or x = 1, provided they
weren’t used in the previous step of course.

For this problem 2 = 0 seems to be a good choice. Here is the work for this step.
10(0)+35=A(0+4)+ (-5)

35=4A-5
40 =4A = A=10

The partial fraction decomposition is then,

10:+435 10 5
(z+4)? z+4  (z+44)

5. Determine the partial fraction decomposition of each of the following expression.
6x 4+ 5
(22 — 1)
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The first step is to determine the form of the partial fraction decomposition. For this problem
the partial fraction decomposition is,

6x+5 = A n B
(2¢ —1)* 22-1  (2z—1)?

N

The LCD for this expression is (2x — 1)2. Adding the terms back up gives,

6x+5 A(z—1)+B

2z -1 (2z-1)?

Setting the numerators equal gives,

6x+5=A(2z—1)+B

)

For this problem we can pick a “good” value of x to determine only one of the constants.
Here is that work.

&

Il
pO| =
o
Il
oy
1
Sy
Il
o

To get the remaining constant we can use any value of x and plug that along with the value
of B we found in the previous step into the equation from Step 3.

It really doesn’t matter what value of x we pick as long as itisn’t x = % since we used that in
the previous step. The idea here is to pick a value of = that won’t create “large” or “messy”
numbers, if possible. Good choices are often x = 0 or x = 1, provided they weren’t used
in the previous step of course.

—_—
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For this problem 2 = 0 seems to be a good choice. Here is the work for this step.

6(0)+5=A4(2(0)—1)+8
b=—-A+8
-3=-A = A=3

The partial fraction decomposition is then,

6z+5 _ 3 8
(2¢ —1)* 22-1  (2z—1)?
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6. Determine the partial fraction decomposition of each of the following expression.
722 — 17x + 38
(x+6)(z— 1)2

The first step is to determine the form of the partial fraction decomposition. For this problem
the partial fraction decomposition is,

72 — 172 + 38 A B C
2~ + + 2
(x+6)(x—1) r+6 -1 (z—1)

|

The LCD for this expression is (z + 6) (z — 1)*. Adding the terms back up gives,

722 172 +38  A(x — 1)+ B(z+6)(z— 1)+ C (z +6)
(z+6)(z—1)2% (z +6) (z — 1)

.

Setting the numerators equal gives,

722 — 172438 =A(z —1)* + B(z46) (z — 1) + C (z + 6)

For this problem we can pick “good” values of x to determine only two of the three constants.
Here is that work.
r=—6: 392=A(-7)2 =494 A=28
_>
r=1: 28 = 7C Cc=14

U I

To get the remaining constant we can use any value of 2 and plug that along with the values
of A and C we found in the previous step into the equation from Step 3.

It really doesn’t matter what value of = we pick as long as it isn't z = —6 or z = 1 since

—_—
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we used those in the previous step. The idea here is to pick a value of z that won’t create
“large” or “messy” numbers, if possible. Good choices are often x = 0 or x = 1 (which we

can’t use for this problem as noted above), provided they weren’t used in the previous step
of course.

For this problem x = 0 seems to be a good choice. Here is the work for this step.
38 = (8) (=1)* + B (6) (1) + (4) (6)

38 = 32— 6B
6=-6B = B=-1

7. Determine the partial fraction decomposition of each of the following expression.

402 — 22 + 7
(22 + 3) (z — 2)*

The first step is to determine the form of the partial fraction decomposition. For this proble
the partial fraction decomposition is,

402 — 220+ 7 A B N C

@ 13) (@27 2043 -2 (z_2)

The partial fraction decomposition is then,
T2 17 +38 8 1 L4
(@+6)(z—1)? z+6 z—-1 (z—1)
m]

4x2 =222 +7 Al —2*+ B2z +3)(x —2)+C (22 + 3)

The LCD for this expression is (2 + 3) (z — 2)°. Adding the terms back up gives,
(22 +3) (x —2)% (22 + 3) (z — 2)°
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Setting the numerators equal gives,

402 — 220 +7=A(x -2+ B2z +3) (x —2) + C (22 + 3)

For this problem we can pick “good” values of x to determine only two of the three constants.
Here is that work.

8
Il
|
| oo
I
Ne)
Il
b
|
I =
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no
|
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Ne)
b
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I
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w

To get the remaining constant we can use any value of x and plug that along with the values
of A and C we found in the previous step into the equation from Step 3.

It really doesn’t matter what value of = we pick as long as it isn't z = —% or x = 2 since
we used those in the previous step. The idea here is to pick a value of = that won’t create
“large” or “messy” numbers, if possible. Good choices are often x = 0 or z = 1, provided
they weren’t used in the previous step of course.

For this problem x = 0 seems to be a good choice. Here is the work for this step.

T=(4) (-2 +B(3)(-2)+(-3)3)
7=7-6B
0=-6B = B=0

In this case one of the constants ended up being zero. This happens on occasion but there
is no way, in general, to know ahead of time that was going to happen so don’t worry about
it. If it turns out one of the constants is zero then we’ll figure that out when we do the work.
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The partial fraction decomposition is then,

4 =220 +7 4 3
2z +3)(z—2)%* 20+3  (z—2)?

.

8. Determine the partial fraction decomposition of each of the following expression.

322 + Tz + 28
x(2+x+7)

The first step is to determine the form of the partial fraction decomposition. For this problem
the partial fraction decomposition is,

3x2+7x+28_A Bx +C

(2 +x+7) =z 22447

-~

The LCD for this expression is x (x2 +x+ 7). Adding the terms back up gives,

322 +Tx +28 A2 +2+47) 4 (Bx+O) ()

x(x?24+x+7) z(x?24+2x+7)

Setting the numerators equal gives,

302 + T2 +28=A (2 +2+7) + (Bz + C) (x)

D

Because we have an unfactorable quadratic equation here the method we used in the first
problems from this section won’t work. So, we will need to multiply everything out and

—_—
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collect like terms.

302 +Tx +28 = Az + Az + 7TA + Ba® + Ox
=(A+B)2* +(A+C)z+TA

We now need to set coefficients equal. Remember this just means setting the coefficient
of the = on both sides equal and similarly for the coefficients of the = and the constants.
Doing this gives,

A+B=3
A+C =7
TA =28

As mentioned in the notes this is a system of equations that we really haven't talked about
how to solve in general, but that is not a real problem. From the third equation we can see
that we must have A = 4.

Once we have this we only need to plug that into the first two equations to determine the
values of B and C. Here is that work,

4+B=3 _ B=-1
A4C=7 C=3

-~ Y

The partial fraction decomposition is then,

30 +7x+28 4 3—a

(22 +z+7) PR

9. Determine the partial fraction decomposition of each of the following expression.

423 + 162+ 7
(22 +4)°
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The first step is to determine the form of the partial fraction decomposition. For this problem
the partial fraction decomposition is,

4:c3+16a:+7_Aa:+B Cx+D
(22 +4)° w?+4 (224 4)?

——

The LCD for this expression is (22 + 4)2. Adding the terms back up gives,

42° + 162 +7 (Az+ B) (2 +4)+Cz+ D
(22 + 4)? (22 4 4)°

Setting the numerators equal gives,

42° + 1624+ 7= (Az + B) (2 +4) + Cz + D

B

Because we have an unfactorable quadratic equation here the method we used in the first
problems from this section won’t work. So, we will need to multiply everything out and
collect like terms.

42° + 162 +7 = Az + 4Ax + B> + 4B+ Cx + D
= A2® + Be? + (4A+C)x+4B+ D

R

We now need to set coefficients equal. Remember this just means setting the coefficient
of the 23 on both sides equal and similarly for the coefficients of the x2, the x and the

—_—
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constants. Doing this gives,

A=14
B=0
4A+C =16
4B+D =7

As mentioned in the notes this is a system of equations that we really haven’t talked about
how to solve in general, but that is not a real problem. From the first two equations we can
see that we must have A =4 and B = 0.

Once we have this we only need to plug that into the last two equations to determine the
values of C and D. Here is that work,

4(4)+C =16 C
—
D

0
4(0)+ D=7 7

In this case two of the constants ended up being zero. This happens on occasion but there
is no way, in general, to know ahead of time that was going to happen so don’t worry about

it. If it turns out one, or more, of the constants are zero then we’ll figure that out when we
do the work.

The partial fraction decomposition is then,

4:E3+16x+7_ 4z n 7
(22 +4)? 2?+4 (22 4+4)°
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6 Exponential and Logarithm Functions

In this chapter we are going to look at exponential and logarithm functions. Both of these functions
are very important and need to be understood by anyone who is going on to later math courses.
These functions also have applications in science, engineering, and business to name a few ar-
eas. In fact, these functions can show up in just about any field that uses even a small degree of
mathematics.

Many students find both of these functions, especially logarithm functions, difficult to deal with.
This is probably because they are so different from any of the other functions that they’ve looked
at to this point and logarithms use a notation that will be new to almost everyone in an algebra
class. However, you will find that once you get past the notation and start to understand some of
their properties they really aren’t too bad. So, we’ll make sure to go over the notation and various
properties of both exponential and logarithm functions in the hope that you will agree that once you
understand those they aren’t too bad.

In addition, we’ll take a look at solving equations with exponentials and solving equations with
logarithms. We'll also take a quick look a couple of applications involving exponentials and loga-
rithms.

The following sections are the practice problems, with solutions, for this material.
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6.1 Exponential Functions

1. Given the function f (z) = 4* evaluate each of the following.

(@ /(-2 ® 7 (-3) (© /(0
(@ /() © 7 (3)

Solutions
@ f(-2)

All we need to do here is plug in the x and do any quick arithmetic we need to do.

(c) f(0)

All we need to do here is plug in the x and do any quick arithmetic we need to do.

o-r-(1]

(d) f(1)
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All we need to do here is plug in the x and do any quick arithmetic we need to do.

-2 -(7]

3
© s (3)
All we need to do here is plug in the x and do any quick arithmetic we need to do.

f(g) :4%:(4%)3:23: 8

1 x
2. Given the function f (z) = <5> evaluate each of the following.

(@ f(-3) (b) f(-1) (c) £(0)
(d) f(2) (e) £(3)

Solutions

(@ f(-3)

All we need to do here is plug in the x and do any quick arithmetic we need to do.

=)= () -5
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(b) f(-1)

5

1

All we need to do here is plug in the x and do any quick arithmetic we need to do.

o= ()=

(c) 7 (0)

All we need to do here is plug in the = and do any quick arithmetic we need to do.

(d) f(2)

All we need to do here is plug in the x and do any quick arithmetic we need to do.

(e) /(3)

3 13
) L

All we need to do here is plug in the x and do any quick arithmetic we need to do.

€

125

A 4

3. Sketch each of the following.
@ f(z)=6"

(b) g (x) =6" -9

(€) g(z) =6""
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Solutions

(@) f(z)=06"

We can build up a quick table of values that we can plot for the graph of this function.

2| f(-2) =67 ==&
1| sen=6t=t

0 f(0)=6"=1
1 f(1)y=6'=6
2 f(2)=6%=36

Here is a quick sketch of the graph of the function.

- . .
w0 ,[
[ /
o} /
[ /
i /
wr /
10 — ./.:’
7
& Py e 1 | x
-2 -1 | 1 2

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions -337-



Chapter 6 : Exp. and Log. Functions Section 6.1 : Exponential Functions

(b) g(z) =6"-9

For this part all we need to do is recall the Transformations section from a couple of
chapters ago. Using the “base” function of f () = 6* the function for this part can be
written as,

gx)=6"—9=f(x)—9
Therefore, the graph for this part is just the graph of f (x) shifted down by 9.

The graph of this function is shown below. The blue dashed line is the “base” function,
f (z), and the red solid line is the graph for this part, g (x).

(c) g(x)=6"""

For this part all we need to do is recall the Transformations section from a couple of
chapters ago. Using the “base” function of f () = 6* the function for this part can be
written as,

g(@) = 6" = f(z+1)

Therefore, the graph for this part is just the graph of f (x) shifted left by 1.

The graph of this function is shown below. The blue dashed line is the “base” function,
f (z), and the red solid line is the graph for this part, ¢ (x).
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b

\
|
|||||||||
\

!
=

4. Sketch the graph of f (z) =e™".

For this problem all we need to do is recall the Transformations section from a couple of
chapters ago. Using the “base” function of f (z) = e* the function for this part can be
written as,

Therefore, the graph for this part is just the graph of f (x) reflected about the y-axis.

The graph of this function is shown below. The blue dashed line is the “base” function,
f (z), and the red solid line is the graph for this part, ¢ (x).

'e Y

13
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5. Sketch the graph of f (z) =e* 2+ 6.

For this problem all we need to do is recall the Transformations section from a couple of
chapters ago. Using the “base” function of f (z) = e* the function for this part can be
written as,

fx)=e"34+6=f(xr—3)+6
Therefore, the graph for this part is just the graph of f (x) shifted right by 3 and up by 6.

The graph of this function is shown below. The blue dashed line is the “base” function,
f (z), and the red solid line is the graph for this part, g (x).

¥
20
5
r !
1[:'_— !
i J
5k p
i -
| -
J_.--—I—'_F-H | | | | | x
-2 -1 1 2 3 4 5

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions —340 -


https://tutorial.math.lamar.edu/Classes/Alg/Transformations.aspx

Chapter 6 : Exp. and Log. Functions Section 6.2 : Logarithm Functions

6.2 Logarithm Functions

1. Write 7° = 16807 in logarithmic form.

There really isn’t all that much to do here other than refer to the definition of the logarithm
function given in the notes for this section.

Here is the logarithmic form for this expression.

log, 16807 = 5

2. Write 167 = 8 in logarithmic form.

There really isn’t all that much to do here other than refer to the definition of the logarithm
function given in the notes for this section.

Here is the logarithmic form for this expression.

3
’ log,68 = ]

—2
3. Write <Z1’>> = 9 in logarithmic form.

There really isn’t all that much to do here other than refer to the definition of the logarithm
function given in the notes for this section.

Here is the logarithmic form for this expression.

[ Iog%9:—2 ]

4. Write log, 32 = 5 in exponential form.
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There really isn’t all that much to do here other than refer to the definition of the logarithm
function given in the notes for this section.

Here is the exponential form for this expression.

2% =32

1
5. Write Iog% 6% = 4 in exponential form.

There really isn’t all that much to do here other than refer to the definition of the logarithm
function given in the notes for this section.

Here is the exponential form for this expression.

nt o1
5) 625

1
6. Write logy T —2 in exponential form.

There really isn’t all that much to do here other than refer to the definition of the logarithm
function given in the notes for this section.

Here is the exponential form for this expression.

972 =—
81
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7. Without using a calculator determine the exact value of log;81.

Hint

Recall that converting a logarithm to exponential form can often help to evaluate these kinds
of logarithms.

Converting the logarithm to exponential form gives,

log;81 =7 = 3 =81

From this we can quickly see that 3* = 81 and so we must have,

8. Without using a calculator determine the exact value of log;125.

Hint

Recall that converting a logarithm to exponential form can often help to evaluate these kinds
of logarithms.

Converting the logarithm to exponential form gives,

log5125 =? = 5" =125

From this we can quickly see that 5> = 125 and so we must have,

log5125 = 3
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. . . 1
9. Without using a calculator determine the exact value of I092§.

Hint

Recall that converting a logarithm to exponential form can often help to evaluate these kinds
of logarithms.

Converting the logarithm to exponential form gives,

1
log,- =7 = 2 ==
928

Now, we know that if we raise an integer to a negative exponent we’ll get a fraction and so
we must have a negative exponent and then we know that 23 = 8. Therefore, we can see
that 273 = { and so we must have,

1
I092§ =-3

10. Without using a calculator determine the exact value of Iog% 16.

Hint

Recall that converting a logarithm to exponential form can often help to evaluate these kinds
of logarithms.

Converting the logarithm to exponential form gives,

1\?
Iogi16 =? = <) =16
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Now, we know that if we raise an fraction to a power and get an integer out we must have

had a negative exponent. Now, we also know that 4> = 16. Therefore, we can see that

(1) 7% = (4)® = 16 and so we must have,

Iog%16 =-2

11. Without using a calculator determine the exact value of Ine*.

Hint

Recall that converting a logarithm to exponential form can often help to evaluate these kinds
of logarithms. Also recall what the base is for a natural logarithm.

Recalling that the base for a natural logarithm is e and converting the logarithm to expo-
nential form gives,
Ine’ =log.e’ =7 = e'=e

From this we can quickly see that e* = e* and so we must have,

Ine* =4

Note that an easier method of determining the value of this logarithm would have been to
recall the properties of logarithm. In particular the property that states,

logyb* =z

Using this we can also very quickly see what the value of the logarithm is.
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. . . 1
12. Without using a calculator determine the exact value of log 100"

Hint

Recall that converting a logarithm to exponential form can often help to evaluate these kinds
of logarithms. Also recall what the base is for a common logarithm.

Recalling that the base for a common logarithm is 10 and converting the logarithm to ex-
ponential form gives,

1

log — = log,q— =7 107
9700 91070 = 0

~ 100

Now, we know that if we raise an integer to a negative exponent we’ll get a fraction and so
we must have a negative exponent and then we know that 10> = 100. Therefore, we can
see that 1072 = -1 and so we must have,

100
1
log— = -2
[ °9 100 ]

13. Write log (3z'y ") in terms of simpler logarithms.

So, we're being asked here to use as many of the properties as we can to reduce this down
into simpler logarithms.

First, we can use Property 5 to break up the product into individual logarithms. Note that
just because the property only has two terms in it does not mean that it won’t work for three
(or more) terms. Here is the application of Property 5.

log (32*y~") = log (3) + log (z*) +log (y~")
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Finally, we need to use Property 7 on the last two logarithms to bring the exponents out of
the logarithms. Here is that work.

log (3z"y~") = [ log (3) + 4log (z) — 7log (y) ]

Remember that we can only bring an exponent out of a logarithm if is on the whole argument
of the logarithm. In other words, we couldn’t bring any of the exponents out of the logarithms
until we had dealt with the product.

14. Write In (a:\/yQ + z2> in terms of simpler logarithms.

So, we're being asked here to use as many of the properties as we can to reduce this down
into simpler logarithms.

First, we can use Property 5 to break up the product into individual logarithms. Here is that

work. 1
In (x\/gm> =In(z)+In ((y2 i 22)5)

Note that we converted to root to a fractional exponent at the same time to help with the
next step.

Finally, we need to use Property 7 on the last logarithm to bring the root exponent out of
the logarithm. Here is that work.

In <$\/y2 + 22) =| In(z)+ % In (y* + 2%)

Remember that we can only bring an exponent out of a logarithm if is on the whole argument
of the logarithm. In other words, we couldn’t bring any of the exponents out of the logarithms
until we had dealt with the product. Also, in the second logarithm while each termis squared
the whole argument is not squared, i.e. it's not (z + y)2 and so we can'’t bring those 2’s out
of the logarithm.
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15. Write log, <

r—4
———— | in terms of simpler logarithms.
y? x/5> pIerios

So, we're being asked here to use as many of the properties as we can to reduce this down
into simpler logarithms.

First, we can use Property 6 to break up the quotient into two logarithms. Here is that work.

log, <y2\5/2> = log, (z —4) —log, (y 25)

Next, we need to use Property 5 to break up the product in the second logarithm into two
logarithms.

log, (;;/é) =log, (x —4) — <|094 (v*) +log, (Z%»

Be careful with the minus sign that was in front of the second logarithm from Step 1! Be-
cause of that we need to have parenthesis on the product once we use Property 5. The
sum of the two “smaller” logarithms is the same as the product logarithm from Step 1 and
so because we have a minus sign in front of the product logarithm we also need to have a
minus sign in front of the two logarithms after using Property 5. The only way to make sure
of this is to use the parenthesis as shown.

Finally, we’ll distribute the minus sign through the parenthesis and then use Property 7 on
the last two logarithms to bring the exponents out of the logarithms. Here is that work.

09, (52 ) =| oas (e — 1)~ 20g, () - 5log, (2

Remember that we can only bring an exponent out of a logarithm if is on the whole argument
of the logarithm. In other words, we couldn’t bring any of the exponents out of the logarithms
until we had dealt with the quotient and product. Recall as well that we can’t split up a
sum/difference in a logarithm. Finally, make sure that you are careful in dealing with the
minus sign we get from breaking up the quotient when dealing with the product in the
denominator.
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16. Combine 2log,x + 5log,y — %Iog4z into a single logarithm with a coefficient of one.

Hint

The properties that we use to break up logarithms can be used in reverse as well.

To convert this into a single logarithm we’ll be using the properties that we used to break
up logarithms in reverse. The first step in this process is to use the property,

log, (z") = rlog,x

to make sure that all the logarithms have coefficients of one. This needs to be done first
because all the properties that allow us to combine sums/differences of logarithms require
coefficients of one on individual logarithms. So, using this property gives,

log, (z*) + log, (y°) — log, (z%>

Now, there are several ways to proceed from this point. We can use either of the two
properties.

Xz
log,, (zy) = log,x + l0g,y log, (y) = log,z — log,y

and in fact we’ll need to use both in the end. We can use the product property on the first
two logarithms (because they are a sum of logarithms) or the quotient property on the last
two logarithms (because they are a difference of logarithms).

Which we use first does not matter as we’ll end up with the same result in the end. For this
problems we’ll first use the product property on the first two logarithms to get,

1
2l0g, + Slogyy — ;log,z = log, (z*y°) —log, (V2)

Finally, we can see that we have a difference of two logarithms left and so we’ll use the
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quotient property to combine these to get,

1 $2y5
2log,z + 5log,y — §Iog4z =| log, Nz

Note that the only reason we converted the fractional exponent to a root was to make the
final answer a little nicer.

17. Combine 3In (¢ +5) — 4In(t) — 2In (s — 1) into a single logarithm with a coefficient of one.

Hint

The properties that we use to break up logarithms can be used in reverse as well.

To convert this into a single logarithm we’ll be using the properties that we used to break
up logarithms in reverse. The first step in this process is to use the property,

log, (") = rlog,x

to make sure that all the logarithms have coefficients of one. This needs to be done first
because all the properties that allow us to combine sums/differences of logarithms require
coefficients of one on individual logarithms. So, using this property gives,

In(t+5)° —In(t*) —In(s — 1)°

Now, there are several ways to proceed from this point. We can use either of the two
properties.

X
log,, (zy) = log,x + l0g,y log, <y> = log,z — logyy
and in fact we’ll need to use both in the end.

We should also be careful with the fact that there are two minus signs in here as that
sometimes adds confusion to the problem. They are easy to deal with however if we just
factor a minus sign out of the last two terms to get,

3In(t+5)—4In(t) — 2In(s — 1) = In (t + 5)> — (ln () +|n(5—1)2)
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Written in this form we can see that the last two logarithms are a sum and so we can use
the product property to combine them to get,

3In(t+5) —4In(t) — 2In (s — 1) = In (t + 5)* — In (t4(s— 1)2)

We now have a difference of two logarithms and we can use the quotient property to com-
bine them to get,

(t+5)3

3In(t+5)—4In(t) —2In(s—1)=| In Hi(s — 1)2

18. Combine 3 loga — 6log b + 2 into a single logarithm with a coefficient of one.

Hint

The properties that we use to break up logarithms can be used in reverse as well. For the
constant see if you figure out a way to write that as a logarithm.

To convert this into a single logarithm we’ll be using the properties that we used to break
up logarithms in reverse. The first step in this process is to use the property,

log, (z") = rlog,x

to make sure that all the logarithms have coefficients of one. This needs to be done first
because all the properties that allow us to combine sums/differences of logarithms require
coefficients of one on individual logarithms. So, using this property gives,

log <a%> — log (b°%) +2

Now, for the 2 let’s notice that we can write this in terms of a logarithm as,
2 = log 10% = log 100
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Note that this is really just using the property,

logyb” = =

So, we now have,
log (a%) — log (b°) + log 100

Now, there are several ways to proceed from this point. We can use either of the two
properties.

X
log, (zy) = log,z + log,y log, <y> = log,z — log,y
and in fact we’ll need to use both in the end.

The first two logarithms are a difference so let’'s use the quotient property to first combine
those to get,
N

log (a%> — log (b°) +log 10* = log <bﬁ> + log 100

We converted the fractional exponent in the first term to a root to make the answer a little
nicer but doesn’t really need to be done in general.

Finally, note that we now have a sum of two logarithms and we can use the product property
to combine those to get,

3
log (a%) —log (b6) +1log100 =| log <10(;)6\/§>
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19. Use the change of base formula and a calculator to find the value of log;,35.

We can use either the natural logarithm or the common logarithm to do this so we’ll do both.

IN35  3.55534806
| _ NS | 14 1
091297 = 1175 = 548490665 30773
log35  1.54406804 [
091235 = {5072 = 107918125 SUTTTS

So, as we noted at the start it doesn’t matter which logarithm we use we’ll get the same
answer in the end.

20. Use the change of base formula and a calculator to find the value of Iog§53.

We can use either the natural logarithm or the common logarithm to do this so we’ll do both.

IN53  3.97029191
log253 = — o = =|  —9.79194469
93 In2 ~ —0.40546511
log53  1.72427587
log53 = - =| —9.79194469
93 log2 ~ —0.17609126 [

So, as we noted at the start it doesn’t matter which logarithm we use we’ll get the same
answer in the end.

21. Sketch the graph of g () = —In(z) .

For this problem all we need to do is recall the Transformations section from a couple of
chapters ago. Using the “base” function of f (z) = In (z) the function for this part can be
written as,

g(x) =—In(z) =—f(z)
Therefore, the graph for this part is just the graph of f (x) reflected about the z-axis.

The graph of this function is shown below. The blue dashed line is the “base” function,
f (z), and the red solid line is the graph for this part, ¢ (x).
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22. Sketch the graph of g () =In(z +5) .

For this problem all we need to do is recall the Transformations section from a couple of
chapters ago. Using the “base” function of f (z) = In(x) the function for this part can be

written as,

g(x)=In(z+5)=f(x+5)

Therefore, the graph for this part is just the graph of f (x) shifted left by 5.

The graph of this function is shown below. The blue dashed line is the “base” function,
f (z), and the red solid line is the graph for this part, ¢ (x).

Do not get excited about the fact that we plugged negative values of z into the function!
The problem with negative values is not the values we plug into a logarithm. Instead the
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problem with negative values is when we go to evaluate the logarithm.

It is perfectly fine to plug negative values into a logarithm as long as we don’t end up
actually evaluating a negative number. So, in this case we can see that as long as we
require x > —5 then =z + 5 > 0 and so those are acceptable values of x to plug in since we
aren’t going to evaluate negative number in the logarithm.

Note however that we do have avoid = < —5 since that would mean evaluating logarithms
at negative numbers.

23. Sketch the graph of g (z) =In(z) — 4.

For this problem all we need to do is recall the Transformations section from a couple of
chapters ago. Using the “base” function of f (z) = In(x) the function for this part can be
written as,

g(x)=In(x) —4=f(z) -4
Therefore, the graph for this part is just the graph of f (x) shifted down by 4.

The graph of this function is shown below. The blue dashed line is the “base” function,
f (z), and the red solid line is the graph for this part, g (x).
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6.3 Solving Exponential Functions

1. Solve the following equation.
62x — 61—3&0

Recall the property that says if b* = bY then x = y. Since each exponential has the same
base, 6 in this case, we can use this property to just set the exponents equal. Doing this
gives,

20 =1—3x

Now all we need to do is solve the equation from Step 1 and that is a simple linear equation.
Here is the solution work.

20=1- 3z

2. Solve the following equation.

Recall the property that says if b* = b¥ then = = y. In this case it looks like we can’t use this
property. However, recall that 25 = 5% and if we write the right side of our equation using
this we get,

51793 — 52

Now each exponential has the same base, 5 to be exact, so we can use this property to
just set the exponents equal. Doing this gives,

1l—-x=2
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Now all we need to do is solve the equation from Step 1 and that is a simple linear equation.
Here is the solution work.

1l—z=2
—xr = — r=—1
So, the solution to the equation is then : z=-—1

3. Solve the following equation.
812 — 83:1:+10

Recall the property that says if b* = b¥ then x = y. Since each exponential has the same
base, 8 in this case, we can use this property to just set the exponents equal. Doing this
gives,

z2 =32+ 10

Now all we need to do is solve the equation from Step 1 and that is a quadratic equation
that we should be able to quickly solve. Here is the solution work.

2?2 =32+ 10
22 -32-10=0
(x=5)(x+2)=0 — z=-2, z=5

So, the solutions to the equation are then : r=-2 |and [ r=25 ]
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4. Solve the following equation.
74—32 — 74:v

Recall the property that says if b* = b¥ then x = y. Since each exponential has the same
base, 7 in this case, we can use this property to just set the exponents equal. Doing this
gives,

4—x =4z

Now all we need to do is solve the equation from Step 1 and that is a simple linear equation.
Here is the solution work.

4 —x=4x

4
4=5 ==
X — X 5

. L 4

So, the solution to the equation is then : T = 5

5. Solve the following equation.
23% — 10

For this equation there is no way to easily get both sides with the same base. Therefore,
we’ll need to take the logarithm of both sides.

We can use any logarithm and the natural logarithm and common logarithm are usually
good choices since most calculators can handle them. Because one of the bases in this
equation is a 10 the common logarithm will probably be the better choice (although we can
use the natural logarithm if we wanted to).

Taking the logarithm (using the common logarithm) of both sides gives,

log 23* = log 10
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Now we can easily compute the right side (which is also why we chose the common loga-
rithm for this case) and we can use the logarithm property that says,

log,z" = rlog,z
to move the 3 z out of the exponent from the logarithm on the left. Doing this gives,

3z (log2) =z (3log2) =1

We did a little rearranging of the left side to put all the numbers together in order to make
the next step a little easier.

Finally, all we need to do is solve for z. Recall that the equations at this step tend to look
messier than we are used to dealing with. However, the logarithms in the equation at this
point are just numbers and so we treat them as we treat all numbers with these kinds of
equations.

In other words, all we need to do is divide both sides by the coefficient of the x and then
user our calculators to get a decimal answer.

Here is the rest of the work for this problem.

1 1
¥~ 3log2 ~ 3(0.301029996)

= 1.10730936 ]

z(3log2) =1 —

6. Solve the following equation.
7171‘ — 43x+1

For this equation there is no way to easily get both sides with the same base. Therefore,
we’'ll need to take the logarithm of both sides.

We can use any logarithm and the natural logarithm and common logarithm are usually
good choices since most calculators can handle them. In this case there really isn’t any
reason to use one or the other so we’ll use the natural logarithm (it's easier to write two
letters - In versus three letters - log after all...).

Taking the logarithm (using the natural logarithm) of both sides gives,

In 71—:(3 —In 43x+1
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Now we can use the logarithm property that says,
log,z" = rlog,z
to move the exponents out of each of the logarithms. Doing this gives,

(1—2)In7=3z+1)In4

Finally, all we need to do is solve for . Recall that the equations at this step tend to look
messier than we are used to dealing with. However, the logarithms in the equations at this
point are just numbers and so we treat them as we treat all numbers with these kinds of
equations. The work will be messier than we are used to but just keep in mind that the
logarithms are just numbers!

Here is the rest of the work for this problem.

(1—2)In7=B3z+1)In4

IN7T—zIn7=3xIn4+1In4
IN7—IN4=3xInd4+2xIn7
IN7—In4=3INn4d+1In7)z

InN7—1In4 1.945910149 — 1.386294361
Tr = = =
3Ind+1In7  3(1.386294361) + 1.945910149

[ 0.091668262

Again, the work is messier than we are used to but it is not really different from work we’ve
done previously in solving equations. The answer is also going to be “messier” in the sense
that it is a decimal and is liable to almost always be a decimal for most of these types of
problems so don’t worry about that.
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7. Solve the following equation.
9 =10"%

For this equation there is no way to easily get both sides with the same base. Therefore,
we’'ll need to take the logarithm of both sides.

We can use any logarithm and the natural logarithm and common logarithm are usually
good choices since most calculators can handle them. In this case one of the bases is a
10 and so the common logarithm is probably the better choice.

Taking the logarithm (using the common logarithm) of both sides gives,

log9 = log 10476«

Now we can use the logarithm property that says,
log 107@) = f ()
to simplify the right side of the equation. Doing this gives,

log9 =4 + 6

Finally, all we need to do is solve for z. Recall that the equations at this step tend to look
messier than we are used to dealing with. However, the logarithms in the equations at this
point are just numbers and so we treat them as we treat all numbers with these kinds of
equations. The work will be messier than we are used to but just keep in mind that the
logarithms are just numbers!

Here is the rest of the work for this problem.

log9 =4 + 6z
log9 — 4 = 6z
I —4 .9542425094 — 4
. ogfé _ 095 6509 _ [ 05076262484 ]

Again, the work is messier than we are used to but it is not really different from work we’ve
done previously in solving equations. The answer is also going to be “messier” in the sense
that it is a decimal and is liable to almost always be a decimal for most of these types of
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problems so don’t worry about that.

Also, be careful when evaluating the numerator in the final answer. The 4 was outside of
the logarithm and so cannot be moved into the logarithm. We probably should have been
a little more careful with parenthesis and written the answer as,

_log(9) —4
T

|

8. Solve the following equation.
e —3=0

Before we put any logarithms into this problem we first need to get the exponential on one

side by itself so let’s do that first.

-

Now we can take the logarithm of both sides and because we have a base of e in this
problem the natural logarithm is probably the best choice. So, taking the logarithm (using
the natural logarithm) of both sides gives,

Ine”™*2* = n3

N

Now we can use the logarithm property that says,
Ine’@ = f ()
to simplify the left side of the equation. Doing this gives,

7+2x=1In3

-~/

Finally, all we need to do is solve for z. Recall that the equations at this step tend to look
messier than we are used to dealing with. However, the logarithms in the equations at this
point are just numbers and so we treat them as we treat all numbers with these kinds of

—_—
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equations. The work will be messier than we are used to but just keep in mind that the
logarithms are just numbers!

Here is the rest of the work for this problem.

7+2x=1In3
20 =In3 -7
__n 32— T_ 1'098615289 “T [ 2950693856

Again, the work is messier than we are used to but it is not really different from work we’ve
done previously in solving equations. The answer is also going to be “messier” in the sense
that it is a decimal and is liable to almost always be a decimal for most of these types of
problems so don’t worry about that.

Also, be careful when evaluating the numerator in the final answer. The 7 was outside of
the logarithm and so cannot be moved into the logarithm. We probably should have been
a little more careful with parenthesis and written the answer as,

In(3) -7
2

xr =

which makes it a little clearer that the 7 isn’t inside the logarithm. However, we typically
don’t put the parenthesis on the logarithm when it is just a number.

9. Solve the following equation.
e ™"+ 11 =20

Before we put any logarithms into this problem we first need to get the exponential on one
side by itself so let’s do that first.
e4f7x =9

Now we can take the logarithm of both sides and because we have a base of e in this
problem the natural logarithm is probably the best choice. So, taking the logarithm (using
the natural logarithm) of both sides gives,

Ine* "™ =1n9
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Now we can use the logarithm property that says,
Ine/@ = f ()
to simplify the left side of the equation. Doing this gives,

4—T7x=1In9

Finally, all we need to do is solve for z. Recall that the equations at this step tend to look
messier than we are used to dealing with. However, the logarithms in the equations at this
point are just numbers and so we treat them as we treat all numbers with these kinds of
equations. The work will be messier than we are used to but just keep in mind that the
logarithms are just numbers!

Here is the rest of the work for this problem.

4—Tx=1In9
__n s: 4 _ 2.19722_47577 —2 [ 02575303461

Again, the work is messier than we are used to but it is not really different from work we’ve
done previously in solving equations. The answer is also going to be “messier” in the sense
that it is a decimal and is liable to almost always be a decimal for most of these types of
problems so don’t worry about that.

Also, be careful when evaluating the numerator in the final answer. The 4 was outside of
the logarithm and so cannot be moved into the logarithm. We probably should have been
a little more careful with parenthesis and written the answer as,

which makes it a little clearer that the 4 isn’t inside the logarithm. However, we typically
don’t put the parenthesis on the logarithm when it is just a number.
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6.4 Solving Logarithm Functions

1. Solve the following equation.

log, (z* — 2z) = log, (5z — 12)

Hint

We had a very nice property from the notes on how to solve equations that contained exactly
two logarithms with the same base! Also, don’t forget that the values with get when we are
done solving logarithm equations don’t always correspond to actual solutions to the equation
so be careful!

Recall the property that says if log,z = log,y then = = y. Since each logarithm is on
opposite sides of the equal sign and each has the same base, 4 in this case, we can use
this property to just set the arguments of each equal. Doing this gives,

22— 2x =5x — 12

Now all we need to do is solve the equation from Step 1 and that is a quadratic equation
that we know how to solve. Here is the solution work.

2% — 2x =5x — 12
22— Tr+12=0
(x—3)(x—4)=0 — r=3, v=4

As the final step we need to take each of the numbers from the above step and plug them
into the original equation from the problem statement to make sure we don’t end up taking
the logarithm of zero or negative numbers!

Here is the checking work for each of the numbers.
r=3:

log ((3)° = 2(3)) = log, (5(3) — 12)
log, (3) =log, (3)  OKAY
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r=4:

log, ((4)* = 2(4)) = log, (5(4) - 12)
log, (8) =log, (8)  OKAY

In this case, both numbers do not produce negative numbers in the logarithms and so they
are in fact both solutions (won’t happen with every problem so don’t always expect this to
happen!).

Therefore, the solutions to the equation are then : =3 ] and [ =4

2. Solve the following equation.
log (62) —log (4 — x) = log (3)

Hint

We had a very nice property from the notes on how to solve equations that contained exactly
two logarithms with the same base! Also, don’t forget that the values with get when we are
done solving logarithm equations don’t always correspond to actual solutions to the equation
so be careful!

Recall the property that says if log,z = log,y then x = y. That doesn’t appear to have
any use here since there are three logarithms in the equation. However, recall that we can
combine a difference of logarithms (provide the coefficient of each is a one of course...) as

follows,
6x
log (H> =log (3)

We now have only two logarithms and each logarithm is on opposite sides of the equal sign
and each has the same base, 10 in this case. Therefore, we can use this property to just
set the arguments of each equal. Doing this gives,

6x

=3
4—x

Now all we need to do is solve the equation from Step 1 and that is an equation that we
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know how to solve. Here is the solution work.

6z
4—:823
6r=34—2)=12—-3x
9z =12 — m:E:%
9 3

As the final step we need to take the number from the above step and plug it into the original
equation from the problem statement to make sure we don’t end up taking the logarithm of
zero or negative numbers!

Here is the checking work for the number.

(s (2) (o) s

log (8) — log (2) =log(3) OKAY

In this case, the number did not produce negative numbers in the logarithms so it is in fact
a solution (won’t happen with every problem so don’t always expect this to happen!).

Therefore, the solution to the equation is then :

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions - 367 —



Chapter 6 : Exp. and Log. Functions Section 6.4 : Solving Logarithm Functions

3. Solve the following equation.

In(z) +In(z+3) =1In(20 — 5z)

Hint

We had a very nice property from the notes on how to solve equations that contained exactly
two logarithms with the same base! Also, don’t forget that the values with get when we are
done solving logarithm equations don’t always correspond to actual solutions to the equation
so be careful!

Recall the property that says if log,z = log,y then x = y. That doesn’t appear to have
any use here since there are three logarithms in the equation. However, recall that we
can combine a sum of logarithms (provide the coefficient of each is a one of course...) as
follows,

In(z (z+3)) =In(20 — 5x)

We now have only two logarithms and each logarithm is on opposite sides of the equal sign
and each has the same base, e in this case. Therefore, we can use this property to just
set the arguments of each equal. Doing this gives,

z(x+3)=20-5z

Now all we need to do is solve the equation from Step 1 and that is a quadratic equation
that we know how to solve. Here is the solution work.

x(r+3)=20—-5z
2% + 3z = 20 — 5z
22+ 8z —20=0
(x+10)(zx—2)=0 — x=-10, z=2

As the final step we need to take each of the numbers from the above step and plug them
into the original equation from the problem statement to make sure we don’t end up taking
the logarithm of zero or negative numbers!

Here is the checking work for each of the numbers.
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r=-—10:

In (—10) 4 In (=10 + 3) = In (20 — 5 (—10))
In (—10) + In (=7) = In (70) NOT OKAY

IN(2)+In(243) =In(20 - 5(2))
In(2) +In(5) =1In(10) OKAY

In this case, the only one number did not produce negative numbers in the logarithms so
that is the only number that will be a solution. The number that produced negative numbers
in the logarithm is not a solution.

Therefore, the only solution to the equation is then : =2

Note that it is vitally important that you do the check in the original equation. In the first step
(where we combined two of the logarithms) we changed the equation and in the process
introduced a number that is not in fact a solution.

Had we checked in any other equation in the solution work it would appear that x = —10
would be a solution to the equation. However, that is only because we were checking in
a “modified” equation and not the original equation which is what we were being asked to
solve.

This is always the danger of modifying equations during the solution process. Unfortu-
nately, with many logarithm equations that is our only solution path and so is something
that we need to be prepared to deal with.

4. Solve the following equation.
logs (25 — 2%) =2

Hint

We had a very nice property from the notes on how to solve equations that contained exactly
two logarithms with the same base and yes we can use that property here! Also, don’t
forget that the values with get when we are done solving logarithm equations don’t always
correspond to actual solutions to the equation so be careful!

Recall the property that says if log,z = log,y then x = y. That doesn’t appear to have any
use here since there is only one logarithm in the equation. Note however that we could
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write the right side, i.e. the 2, as,
2 = logs (3%)

Doing this means we can write the equation as,

log; (25 — 2%) = log; (3%) = log; (9)

We now have two logarithms and each logarithm is on opposite sides of the equal sign and
each has the same base, 3 in this case. Therefore, we can use this property to just set the
arguments of each equal. Doing this gives,

25— 22 =9

Now all we need to do is solve the equation from Step 1 and that is a quadratic equation
that we know how to solve. Here is the solution work.

25 —22=9
16 = 22 = r=+V16=+4

As the final step we need to take each of the numbers from the above step and plug them
into the original equation from the problem statement to make sure we don’t end up taking
the logarithm of zero or negative numbers!

Here is the checking work for each of the numbers.
r=—4:
logs (25 - (—4)2) =2
log; (9) =2 OKAY

log, (25 - (4)2) =2
logs (9) =2 OKAY
In this case, both numbers do not produce negative numbers in the logarithms and so they

are in fact both solutions (won’t happen with every problem so don’t always expect this to
happen!).
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Therefore, the solutions to the equation are then : [ r=—4 ]and r=4

Be careful to not make the mistake of assuming that just because a value of x is negative
that it will automatically not be a solution to the equation. As we’ve shown here, even
though x = —4 is negative it did not produce any negative values in the logarithms and so
is perfectly acceptable as a solution.

5. Solve the following equation.

log, (x + 1) —logy (2 —2) =3

Hint

If we can reduce all the logarithms to a single logarithm it would be quite easy to convert to
exponential form. Also, don’t forget that the values with get when we are done solving don’t
always correspond to actual solutions so be careful!

First let's notice that we can combine the two logarithms on the left side to get,

z+1
log, <2_x> =3

Now, we can easily convert this to exponential form.

a:+1_

23 =8
2—=x

Now all we need to do is solve the equation from Step 2 and that is an equation that we
know how to solve. Here is the solution work.

T+ 1
=38
2—=x
r+1=8(2—-z)=16—-8z
15 5
9x =15 — =— ==
T x 9 3
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As the final step we need to take the number from the above step and plug it into the original
equation from the problem statement to make sure we don’t end up taking the logarithm of
zero or negative numbers!

Here is the checking work for the number.

log, (2 + 1> —log, (2 — 2) =3
log, <§> — log, (;) =3 OKAY

In this case, the number did not produce negative numbers in the logarithms so it is in fact
a solution (won'’t happen with every problem so don’t always expect this to happen!).

Therefore, the solution to the equation is then : r=-

6. Solve the following equation.

log, (—z) +log, (6 — z) =2

Hint

If we can reduce all the logarithms to a single logarithm it would be quite easy to convert to
exponential form. Also, don’t forget that the values with get when we are done solving don’t
always correspond to actual solutions so be careful!

First let’s notice that we can combine the two logarithms on the left side to get,

log, (=2 (6 — x)) = 2

Now, we can easily convert this to exponential form.

—z (6 —z)=4%>=16
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Now all we need to do is solve the equation from Step 2 and that is a quadratic equation
that we know how to solve. Here is the solution work.

—x(6—x) =16

22— 6z —-16=0
(=8 (x+2)=0 — =8, z=-2

As the final step we need to take each of the numbers from the above step and plug them
into the original equation from the problem statement to make sure we don’t end up taking
the logarithm of zero or negative numbers!

Here is the checking work for each of the numbers.
r=28:

log, (—8) +log, (6 — 8) =2
log, (—8) +log, (—2) =2 NOT OKAY

log, (= (—2)) +log, (6 — (—2)) =2
log, (2) +log, (8) =2 OKAY

In this case, the only one number did not produce negative numbers in the logarithms so

that is the only number that will be a solution. The number that produced negative numbers

in the logarithm is not a solution.

Therefore, the only solution to the equation is then : = -2

Be careful to not make the mistake of assuming that just because a value of x is negative
that it will automatically not be a solution to the equation and just because a value of x
is positive it will automatically be a solution. As we’ve shown here we can have negative
values of x that are solutions and positive values of x that are not solutions.

Also note that it is vitally important that you do the check in the original equation. In the
first step (where we combined two of the logarithms) we changed the equation and in the
process introduced a number that is not in fact a solution.

Had we checked in any other equation in the solution work it would appear that x = 8
would be a solution to the equation. However, that is only because we were checking in
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a “modified” equation and not the original equation which is what we were being asked to
solve.

This is always the danger of modifying equations during the solution process. Unfortu-
nately, with many logarithm equations that is our only solution path and so is something
that we need to be prepared to deal with.

7. Solve the following equation.

log (z) =2 —log (z — 21)

Hint

If we can reduce all the logarithms to a single logarithm it would be quite easy to convert to
exponential form. Also, don’t forget that the values with get when we are done solving don’t
always correspond to actual solutions so be careful!

First let’'s notice that if we move the logarithm on the right side to the left side we can
combine the two logarithms on the left side to get,

log (z) =2 —log (z — 21)
log (z) + log (z —21) =2
log (z (x —21)) =2

Now, we can easily convert this to exponential form (recall that because there is no base
given it is assumed to be 10!).

x(x —21) = 10? = 100

Now all we need to do is solve the equation from Step 2 and that is a quadratic equation
that we know how to solve. Here is the solution work.

z(x —21) =100
2? — 21z — 100 = 0
(x—25)(x+4)=0 — =25 z=-4

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions -374 -



Chapter 6 : Exp. and Log. Functions Section 6.4 : Solving Logarithm Functions

As the final step we need to take each of the numbers from the above step and plug them
into the original equation from the problem statement to make sure we don’t end up taking
the logarithm of zero or negative numbers!

Here is the checking work for each of the numbers.

r=25:

log (25) = 2 — log (25 — 21)
log (25) =2 —log (4) OKAY

log(—4) =2 —log (—4 —21)
log (—4) = 2 — log (—25) NOT OKAY

In this case, the only one number did not produce negative numbers in the logarithms so
that is the only number that will be a solution. The number that produced negative numbers
in the logarithm is not a solution.

Therefore, the only solution to the equation is then : x =25

Note that it is vitally important that you do the check in the original equation. In the first step
(where we combined two of the logarithms) we changed the equation and in the process
introduced a number that is not in fact a solution.

Had we checked in any other equation in the solution work it would appear that + = —4
would be a solution to the equation. However, that is only because we were checking in
a “modified” equation and not the original equation which is what we were being asked to
solve.

This is always the danger of modifying equations during the solution process. Unfortu-
nately, with many logarithm equations that is our only solution path and so is something
that we need to be prepared to deal with.

8. Solve the following equation.

In(z—1)=1+1In(3z +2)

Hint

If we can reduce all the logarithms to a single logarithm it would be quite easy to convert to
exponential form. Also, don’t forget that the values with get when we are done solving don’t
always correspond to actual solutions so be careful!
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First let’'s notice that if we move the logarithm on the right side to the left side we can
combine the two logarithms on the left side to get,

In(x—1)=1+1In(3z+2)
In(z—1)—INnBz+2)=1

In v 1 -1
3r+ 2

Now, we can easily convert this to exponential form (recall that because we are working
with the natural logarithm the base is e!).

r—1 _el_e
3xr+2

Now all we need to do is solve the equation from Step 2 and that is an equation that we
know how to solve. Here is the solution work.
r—1 e
3x+2
r—1=e(3zx+2)
r—1=3ex+2e

r—3ex =1+ 2e
1+ 2e
xr =

= —0.89961
1-3e

(1-3e)z=1+2e —

Do not get excited about the e in the equation. It works the same as if it was just a 4 or
5 or any other number. The only real difference is that the answer is a little messier that
we usually get with these kinds of problems. Also, for the next step it is probably best to
convert these kinds of numbers into decimal form.
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As the final step we need to take the number from the above step and plug it into the original
equation from the problem statement to make sure we don’t end up taking the logarithm of
zero or negative numbers!

Here is the checking work for each of the numbers.

z = —0.89961 :

In (—0.89961 — 1) = 1 + In (3 (—0.89961) + 2)
In (—1.89961) = 1 + In (—0.69883) NOT OKAY

So, in this case the only number we got from Step 3 produced negative numbers in the
logarithms and so can’t be a solution. What this means for us is that there is no solution
to this equation. This happens on occasion and we shouldn’t worry about it when it does.

Note that it is vitally important that you do the check in the original equation. In the first step
(where we combined two of the logarithms) we changed the equation and in the process
introduced a number that is not in fact a solution.

Had we checked in any other equation in the solution work it would appear that z =
—0.89961 would be a solution to the equation. However, that is only because we were
checking in a “modified” equation and not the original equation which is what we were
being asked to solve.

This is always the danger of modifying equations during the solution process. Unfortu-
nately, with many logarithm equations that is our only solution path and so is something
that we need to be prepared to deal with.

9. Solve the following equation.

2log (z) —log (7Tz —1) =0

Hint

If we can reduce all the logarithms to a single logarithm it would be quite easy to convert to
exponential form. Also, don’t forget that the values with get when we are done solving don’t
always correspond to actual solutions so be careful!

First let's notice that we can move the 2 in front of the first logarithm into the logarithm as
follows,
log (2%) —log (7Tz — 1) =0
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We can now combine the two logarithms to get,

2
log <7l‘— 1> =0

Now, we can easily convert this to exponential form (recall that because there is no base |

given it is assumed to be 10!).

2

=10°=1
T —1

Now all we need to do is solve the equation from Step 2 and that is a quadratic equation
that we know how to solve. Here is the solution work.

2

T _q
Tr—1
22 =Tr—1
22 —Tr+1=0

We can’t factor this but we can use the quadratic formula on it. Doing that gives the following
two numbers.

+/72—4(1)(1
T = ! 72(1) ) = 7i2\/ﬁ — x=0.1459, x =6.8541

Don’t worry about the fact that we needed to use the quadratic formula to solve this. This
will happen on occasion and we need to be able to deal with it when it happens.

the logarithm of zero or negative numbers!

As the final step we need to take each of the numbers from the above step and plug them
into the original equation from the problem statement to make sure we don’t end up taking
Here is the checking work for each of the numbers.
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r =0.1459 :

2log (0.1459) — log (7 (0.1459) — 1) =0
=0

2log (0.1459) — log (0.0213) OKAY

z = 6.8541 :
210g (6.8541) — log (7 (6.8541) — 1) =0

210g (6.8541) — log (46.9787) = 0 OKAY

In this case, both numbers do not produce negative numbers in the logarithms and so they
are in fact both solutions (won’t happen with every problem so don’t always expect this to
happen!).

Therefore, the solutions to the equation are then : z = 0.1459 ]and r = 6.8541 ]
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6.5 Applications

1. We have $10,000 to invest for 44 months. How much money will we have if we put the money
into an account that has an annual interest rate of 5.5% and interest is compounded

(a) quarterly (b) monthly (c) continuously

Solutions

(a) quarterly

From the problem statement we can see that,

5.9 44 11

Remember that the value of » must be given as a decimal, i.e. the percentage divided
by 100. Also remember that ¢t must be in years and so we’ll need to convert the months
we are given to years.

For this part we are compounding interest rate quarterly and that means it will com-
pound 4 times per year and so we also then know that,

m =4

At this point all that we need to do is plug into the equation and run the numbers
through a calculator to compute the amount of money that we’ll have.

0.055) 5@ “
A= 10000( 14 = — 10000(1.01375) % = 10000 (1.221760422) = 12217.60

So, we'll have $12,217.60 in the account after 44 months.
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(b) monthly

From the problem statement we can see that,

5.5 44 11
Remember that the value of » must be given as a decimal, i.e. the percentage divided
by 100. Also remember that ¢t must be in years and so we’ll need to convert the months
we are given to years.

For this part we are compounding interest rate monthly and that means it will com-
pound 12 times per year and so we also then know that,

m =12

At this point all that we need to do is plug into the equation and run the numbers
through a calculator to compute the amount of money that we’ll have.

11
0.055Y 3 (12
A= 10000(1 + 12) = 10000(1.00453333)** = 10000 (1.222876562) = 12228.77

So, we'll have $12,228.77 in the account after 44 months.

(c) continuously

From the problem statement we can see that,

5.5 44 11
100 0.055

P=1 - =
0000 7 B 3

Remember that the value of » must be given as a decimal, i.e. the percentage divided
by 100. Also remember that ¢ must be in years and so we’ll need to convert the months
we are given to years.

For this part we are compounding continuously and so we won’t have an m and will
be using the other equation and all we have all we need to do the computation so,

11

A = 1000060959 (5) = 10000e-2016666667 — 10000 (1.223440127) = 12234.40

So, we'll have $12,234.40 in the account after 44 months.

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions - 381 -



Chapter 6 : Exp. and Log. Functions Section 6.5 : Applications

2. We are starting with $5000 and we’re going to put it into an account that earns an annual interest
rate of 12%. How long should we leave the money in the account in order to double our money if
interest is compounded

(a) quarterly (b) monthly (c) continuously

Solutions

(a) quarterly

From the problem statement we can see that,

12
A=10000 P =5000 r=—"=012
T

Remember that the value of r must be given as a decimal, i.e. the percentage divided
by 100. Also, for this part we are compounding interest rate quarterly and that means
it will compound 4 times per year and so we also then know that,

m =4

Plugging into the equation gives us,

0.12\* it
10000 =5000( 1+ == ) =5000(1.03)

Using the techniques from the Solve Exponential Equations section we can solve for
t.

2 =1.03*
In(2) = In (1.03")
In(2) = 4¢In (1.03)

In(2)

t=| —
41n (1.03)

= 5.8624

So, we’ll double our money in approximately 5.8624 years.
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(b) monthly

From the problem statement we can see that,

12
A=1 P = =— =0.12
0000 5000 r 100 0

Remember that the value of » must be given as a decimal, i.e. the percentage divided
by 100. Also, for this part we are compounding interest rate monthly and that means
it will compound 12 times per year and so we also then know that,

m =12
Plugging into the equation gives us,

0.12\\ '# Lot
10000 = 5000( 1+ == ]~ =5000(1.01)

Using the techniques from the Solve Exponential Equations section we can solve for
t.

2=1.01"
In(2) = In (1.01'*)
In(2) = 12¢In (1.01)

In(2)

=1 2oy

= 5.8051

So, we'll double our money in approximately 5.8051 years.

(c) continuously

From the problem statement we can see that,

12
A=10000 P =5000 r=—"=0.12
T

Remember that the value of » must be given as a decimal, i.e. the percentage divided
by 100. For this part we are compounding continuously and so we won’t have an m
and will be using the other equation.
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Plugging into the continuously compounding interest equation gives,

10000 = 5000e-12¢

Now, solving this using the techniques from the Solve Exponential Equations section

gives,
9 — eO.th
In (2) = In (e%1%)
In(2) =0.12¢
In(2)
= = 5. 2
t 012 5.776

So, we’ll double our money in approximately 5.7762 years.

3. A population of bacteria initially has 250 present and in 5 days there will be 1600 bacteria
present.

(a) Determine the exponential growth equation for this population.

(b) How long will it take for the population to grow from its initial population of 250 to a population
of 20007

Solutions

(a) Determine the exponential growth equation for this population.

We can start off here by acknowledging that we know the initial number of bacteria is
250 and so Qg = 250. Therefore, the equation is then,

Q (t) = 250e*?

Now, we also know that @ (5) = 1600 and plugging this into the equation above gives,

1600 = Q (5) = 250e°*

We can use techniques from the Solve Logarithm Equations section to determine the
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value of k.

1600 = 250e°"
1600
— —e

250

32
In( =) =5k

1, (32
k=_In{==) =0.3712596
(5)

Depending upon your preferences we can use either the exact value or the decimal
value. Note however that because & is in the exponent of an exponential function
we’'ll need to use quite a few decimal places to avoid potentially large differences in
the value that we’'d get if we rounded off too much.

Putting all of this together the exponential growth equation for this population is,

Q = 250e5 (%) t

(b) How long will it take for the population to grow from its initial population of 250 to a

population of 2000?

32
5

2000 = Q (t) = 250e5 (%) ¢

2000 Lin(32)

250
1. /32
N8 ==In{— ) ¢
8 =1 (5)
|
= 2N 5 6010
In (%)

It will take 5.601 days for the population to reach 2000.

What we're really being asked to do here is to solve the equation,

and we know from the Solve Logarithm Equations section how to do that. Here is the
solution work for this part.
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4. We initially have 100 grams of a radioactive element and in 1250 years there will be 80 grams
left.

(a) Determine the exponential decay equation for this element.

(b) How long will it take for half of the element to decay?

(c) How long will it take until there is only 1 gram of the element left?
Solutions

(a) Determine the exponential decay equation for this element.

We can start off here by acknowledging that we know the initial amount of the radioac-
tive element is 100 and so )y = 100. Therefore the equation is then,

Q (t) = 100e*?

Now, we also know that @) (1250) = 80 and plugging this into the equation above gives,

80 = @ (1250) = 100e!250%

We can use techniques from the Solve Logarithm Equations section to determine the
value of k.

80 = 100e!2°0%

80 1250k
- —e
100

4
In( =) = 1250k
(5)

1 4
k 1250 (5> 0.000178515

Depending upon your preferences we can use either the exact value or the decimal
value. Note however that because k is in the exponent of an exponential function
we’'ll need to use quite a few decimal places to avoid potentially large differences in
the value that we’'d get if we rounded off too much.

Putting all of this together the exponential decay equation for this population is,

Q = 100es N(5) ¢

(b) How long will it take for half of the element to decay?
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What we’re really being asked to do here is to solve the equation,
50 = Q (t) = 100e 7 "(3) ¢

and we know from the Solve Logarithm Equations section how to do that. Here is the
solution work for this part.

50 —e12150 In(3) t
100
1 1 4
nl=|=—=In{-| ¢
2 1250 )
12501n (3)

t= = 3882.8546

In(3)

It will take 3882.8546 years for half of the element to decay. On a side note this time
is called the half-life of the element.

(c) How long will it take until there is only 1 gram of the element left?

In this part we’re being asked to solve the equation,

1=Q(t) = 100ews0 "(5) ¢

The solution process for this part is the same as that for the previous part. Here is the
solution work for this part.

L emmi(d) e
100

In i —Lln é t
100/ 1250 5
125o| (18

(3

) = 25797.1279

There will only be 1 gram of the element left after 25,797.1279 years.
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7 Systems of Equations

This is a fairly short chapter devoted to solving systems of equations. A system of equations is a
set of equations each containing one or more variable.

We will focus exclusively on systems of two equations with two unknowns and three equations with
three unknowns although the methods looked at here can be easily extended to more equations.
We'll look at a couple of methods of solving systems including the idea of an augmented matrix to
solve systems.

In addition, with the exception of the last section we will be dealing only with systems of linear
equations.

The following sections are the practice problems, with solutions, for this material.
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7.1 Linear Systems of Two Variables

1. Use the Method of Substitution to find the solution to the following system or to determine if the
system is inconsistent or dependent.

z—"Ty=-11
o + 2y = —18

Before we get started with the solution process for this system we need to make it clear
that there is no “one correct solution path”. There are lots of solution paths that we can
take to find the solution to this system. All are correct and all will end up with the same
solution to the system (provided the work has been done correctly of course...).

Okay, let’s get started on the solution to this system.

The Method of Substitution tells us that we first need to solve one of the equations for one
of the variables. The equation we solve and the variable we solve for technically doesn’t
matter as noted above.

However, there is often one equation/variable combination that is “easier” than the others.
In this case we can quickly solve the first equation for = without a lot of extra work so let’s
do that.

r—"Ty=-11 = r="Ty—11

We now take the equation for x we found above and substitute this into the other equation
(the second equation in this case). Doing this gives,

5r + 2y = —18
5(7y —11) 4+ 2y = —18

We can now solve the equation we found in the previous step for y. Doing this gives,

5(Ty —11) + 2y = —18
35y — 55 4+ 2y = —18
37y =37 — y=1
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Finally, we can plug the value of y we found in the previous step into the equation for = we
found in the first step. This gives,

r=7(1)—11=—1

The solution to the system is then : r=—4, y=1

2. Use the Method of Substitution to find the solution to the following system or to determine if the
system is inconsistent or dependent.

Tr — 8y = —12
—dx+2y=3

Before we get started with the solution process for this system we need to make it clear
that there is no “one correct solution path”. There are lots of solution paths that we can
take to find the solution to this system. All are correct and all will end up with the same
solution to the system (provided the work has been done correctly of course...).

Okay, let’s get started on the solution to this system.

The Method of Substitution tells us that we first need to solve one of the equations for one
of the variables. The equation we solve and the variable we solve for technically doesn’t
matter as noted above.

However, there is often one equation/variable combination that is “easier” than the others.
In this case we can solve the second equation for y without a lot of extra work so let’s do
that.

—Adr+2y=3

3
2y =4z +3 = y:2:n+§

Note that you will often get fractions showing up at this step and there isn’t going to be a
whole lot that you can do about it so don’t worry when they show up!
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We now take the equation for y we found above and substitute this into the other equation
(the first equation in this case). Doing this gives,

7o — 8y = —12

7:1:—8(2:1:—1—2) =—12

We can now solve the equation we found in the previous step for z. Doing this gives,

7x—8<2x+2> =—-12

Tz —16x — 12 = —12

-9z =0 — z=0

Do not get excited about the zero here! They will be answers occasionally.

Finally, we can plug the value of x we found in the previous step into the equation for y we
found in the first step. This gives,

y=2(0)+5 =

3
2 2

The solution to the systemisthen:| z =0, y= g
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3. Use the Method of Substitution to find the solution to the following system or to determine if the
system is inconsistent or dependent.

3z +9y = —6
—4dx —12y =8

Before we get started with the solution process for this system we need to make it clear
that there is no “one correct solution path”. There are lots of solution paths that we can
take to find the solution to this system. All are correct and all will end up with the same
solution to the system (provided the work has been done correctly of course...).

Okay, let’s get started on the solution to this system.

The Method of Substitution tells us that we first need to solve one of the equations for one
of the variables. The equation we solve and the variable we solve for technically doesn’t
matter as noted above.

In this case both equations seem equally “easy” to deal with and so let’s solve the second
equation for x since that is a combination we didn’t use in the first couple of problems.

—4x — 12y =8
—4r =12y + 8 = z=—-3y—2

We now take the equation for = we found above and substitute this into the other equation
(the first equation in this case). Doing this gives,

3z +9y = —6
3(-3y—2)+9y=-6

We can now solve the equation we found in the previous step for y. Doing this gives,

3(-3y—2)+9y=—-6
—9y—6+9y=—-6
—6=—-6
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Now, the result from the previous step is true for any value of y or  and so we know that
the system is dependent and there will be an infinite number of solutions to the system.
We can write the “solution” to this system as follows,

r=-—-3t—2

; t is any number
y =

4. Use the Method of Elimination to find the solution to the following system or to determine if the
system is inconsistent or dependent.

6x — 5y =8
—122 42y =0

Before we get started with the solution process for this system we need to make it clear
that there is no “one correct solution path”. There are lots of solution paths that we can
take to find the solution to this system. All are correct and all will end up with the same
solution to the system (provided the work has been done correctly of course...).

Okay, let’s get started on the solution to this system.

The Method of Elimination tells us that we first need to multiply one or both of the equations
by constants so that one of the variables has the same coefficient but with opposite signs
and then add the two equations.

For this system if we multiply the first equation by 2 then the first equation will have an =
coefficient of 12 while the second equation will have an z coefficient of -12. This is exactly
what we need so we’ll do that and then add the resulting equations.

6z — 5y =8 ><_2> 122 — 10y = 16
—12z+2y =0 same —12z+2y =0
— 8y =16

We can now easily solve the result from the above step to see that y = —2.
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Finally, we can plug the value of y we found in the previous step in either of the original
equations and solve for z. We’ll use the first equation for this.

6r —5(—2) =8
6x +10 = 8

1

6 = —2 — = —=

Xz x 3

The solution to the system is then : r=——,y=-2

5. Use the Method of Elimination to find the solution to the following system or to determine if the
system is inconsistent or dependent.

—2z 4+ 10y =2
5T — 20y =3

Before we get started with the solution process for this system we need to make it clear
that there is no “one correct solution path”. There are lots of solution paths that we can
take to find the solution to this system. All are correct and all will end up with the same
solution to the system (provided the work has been done correctly of course...).

Okay, let’s get started on the solution to this system.

The Method of Elimination tells us that we first need to multiply one or both of the equations
by constants so that one of the variables has the same coefficient but with opposite signs
and then add the two equations.

For this system if we multiply the first equation by 5 and the second equation by 2 then
the first equation will have an z coefficient of -10 while the second equation will have an x
coefficient of 10. This is exactly what we need so we’ll do that and then add the resulting
equations.

—2x+ 10y =2 ><_>5 — 10z + 50y = 10
dr — 20y =3 ><_>2 10z —H0y =6
0=16
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The result above is clearly not true and so this system is inconsistent and has no solution.

6. Use the Method of Elimination to find the solution to the following system or to determine if the
system is inconsistent or dependent.

2z + 3y =20
Tx + 2y =53

Before we get started with the solution process for this system we need to make it clear
that there is no “one correct solution path”. There are lots of solution paths that we can
take to find the solution to this system. All are correct and all will end up with the same
solution to the system (provided the work has been done correctly of course...).

Okay, let’s get started on the solution to this system.

The Method of Elimination tells us that we first need to multiply one or both of the equations
by constants so that one of the variables has the same coefficient but with opposite signs
and then add the two equations.

For this system if we multiply the first equation by 2 and the second equation by -3 then the
first equation will have a y coefficient of 6 while the second equation will have a y coefficient
of -6. This is exactly what we need so we’ll do that and then add the resulting equations.

2z + 3y = 20 _><_3 4z + 6y = 40
Tx 4+ 2y = 53 x —3 —21z — 6y = —159
— 17z = —-119
We can now easily solve the result from the above step to see that z = 7. l

Finally, we can plug the value of y we found in the previous step in either of the original

—_—
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equations and solve for y. We'll use the first equation for this.

7(7)+2y =53
49 + 2y = 53
2u=4 —

The solution to the system is then :

z=T7 y=2
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7.2 Linear Systems of Three Variables

1. Find the solution to the following system of equations.

20 + 5y + 22 = =38
3z —2y+4z =17
—6x+y—Tz=-—12

Before we get started with the solution process for this system we need to make it clear
that there is no “one correct solution path”. There are lots of solution paths that we can
take to find the solution to this system. All are correct and all will end up with the same
solution to the system (provided the work has been done correctly of course...).

Okay, let’s get started on the solution to this system.

For this system it looks like if we multiply the first equation by 3 and the second equation
by 2 both of these equations will have z coefficients of 6 which we can then eliminate if we
add the third equation to each of them.

So, let’s first do the multiplication.

2z + 5y + 22 = —38 ><_>3 6x + 15y + 62z = —114
3r —2y+4z =17 ><_2> 6r — 4y + 8z =34
—6x+y—T7z=-—12 same —6x+y—T7z=-—12

Okay, we’'ll now replace the first equation with the sum of the first and third equation and
we’ll replace the second equation with the sum of the second and third equation. Here is
the result from doing those operations.

16y — z = —126
—3y+ 2z =22
—bxr+y—T7z=—-12
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13y =-104
—3y+ 2z =22

Next notice that we can eliminate = from the first equation simply by replacing it with the
sum of the first and second equation. Here is the result from that operation.
—br+y—T7z=-12

Okay, from the first equation we can see that we must have y = —8.

We can plug y = —8 into the second equation and solve that for z.

—3(—8)+2=22 — z=-2

Finally, plug y = —8 and z = —2 into the third equation and solve for x. |

—6z + (—8) — 7(—2) = —12
—6r+6=-12 — x=3

The solution to the system is then : r=3, y=-8, z= -2
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2. Find the solution to the following system of equations.
3r —92 =33

Tx —4y — 2= —15
4z + 6y + 5z = —6

Before we get started with the solution process for this system we need to make it clear
that there is no “one correct solution path”. There are lots of solution paths that we can
take to find the solution to this system. All are correct and all will end up with the same
solution to the system (provided the work has been done correctly of course...).

Okay, let’s get started on the solution to this system.

For this system it looks like we can easily solve the first equation for = and get an equation
involving only z which we can in turn plug in the second and third equation.

Here is the first equation solved for z.

3xr —92 =33
3r =92+ 33 — r=3z+11

Plugging the equation we found above into the second and third equations and doing some
simplification gives,

Tz 1) —dy—z=-15 —dy+20:=-02
4(3z+11) + 6y + 5z = —6 6y + 172 = —50

Now, notice that if we multiply the first equation above by 3 and the second equation above
by 2 we can cancel the 3’'s when we add the results. Here is that work.

—4y + 20z = —92 ><_?§ —12y 4+ 60z = —276
6y + 17z = =50 ><_2> 12y 4+ 34z = —100

94z = —376
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From the equation above we can see that we must have z = —4.

We can plug z = —4 into either of the equations we got in Step 2 and solve for y. We'll use
the second equation for this propose.

6y+17(-4)=-50 — y=3

Finally, plug z = —4 we got in Step 1 to determine the value of x.

z=3(—4)+11=—1

The solution to the system is then : r=-1,y=3, z2=-4
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7.3 Augmented Matrix

1. For the following augmented matrix perform the indicated elementary row operations.

4 -1 3| 5
0 2 5|9
-6 1 =310
(a) 8R1 (b) R2 < R3 () Ro+3R1 — Ry
Solutions
(@) 8R1

This operation is telling us to multiply all the entries in Row 1 of the augmented matrix
by 8 so let’s do that.

4 -1 3|5 32 —8 24140
0 2 5|9 8]_%; 0 2 5|09
6 1 =310 6 1 -3|10

(b) Ry < Rs

This operation is telling us to interchange Row 2 and Row 3 of the augmented matrix.
Here is that work.

4 -1 3|5 4 -1 3]s
Ry R

0 2 5|09 233 6 1 -3]|10

6 1 -3|10 0 2 5|9
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(c) Ro+3R1 — R

For this operation we are going to replace Row 2 with the results of taking the original
entries from Row 2 and add to them 3 times the entries in Row 1.

4 -1 3] 5 4 -1 3|5
0 2 5|9 R”?’il_)R? 12 -1 14|24
6 1 -3|10 6 1 —-3]|10

Here are the individual computations for this operation.

Column1 : 0+3(4) =12
Column2 : 24+3(-1)=-1
Column3 : 54+3(3)=14
Column4 : 9+3(5) =24

1 -6 210

2 -8 10|14

3 -4 —-1]|2
(@) 3R> (b) Ry ¢ R3 (c) R1 —6Rs — R,
Solutions
(@) 3R,

This operation is telling us to multiply all the entries in Row 2 of the augmented matrix
by 72 so let’s do that.

1 -6 2|0 1R, 1 -6 2|0
2 -8 10|4 2_) 1 -4 512
3 —4 —-1]2 3 -4 —-1]2
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(b) R1 < R3

This operation is telling us to interchange Row 1 and Row 3 of the augmented matrix.
Here is that work.

1 -6 2|0 3 4 —1]2
9 -8 104 RliRi” 9 —8 104
3 4 —1]2 1 -6 2|0

(C) R —6R3— Ry

For this operation we are going to replace Row 1 with the results of taking the original
entries from Row 1 and subtract from them 6 times the entries in Row 3.

1 -6 2o 17 18 8| -12
2 —8 104 Rl_ﬁi‘”’_)Rl 2 —8 10| 4
3 4 —1]2 3 4 —1| 2

Here are the individual computations for this operation.

Column1 : 1-6(3)=-17
Column2 : —6—-6(—4) =18
Column3 : 2—-6(—1)=38
Column4 : 0-6(2) =—12
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3. For the following augmented matrix perform the indicated elementary row operations.

10 -1 -5 1
4 0 7|-1
0o 7 =2 3

(a) —9R3 (b) Ri1 < Ro (C) Rs—R1— Rjs

Solutions

(@) —9R;

This operation is telling us to multiply all the entries in Row 3 of the augmented matrix
by -9 so let’s do that.

10 -1 -5] 1 10 -1 -5] 1
4 0 7|-1 _9_?3 4 0 7| -1
0 7 -2| 3 0 —63 18| -27

(b) Ri1 4+ Ry

This operation is telling us to interchange Row 1 and Row 2 of the augmented matrix.
Here is that work.

10 -1 -5 1 4 0 7]-1
4 0 7|-1 RliRZ 10 -1 -5/ 1
0 7 —2| 3 0 7 —2| 3
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() R3—R1 — R3

For this operation we are going to replace Row 3 with the results of taking the original
entries from Row 3 and subtract from them the entries in Row 1.

10 -1 -5/ 1 10 -1 -5/ 1
40 7|-1 R3_R_1>_>R3 4 0 7|-1
0o 7 —2| 3 10 8 3| 2

Here are the individual computations for this operation.

Column1 : 0—(10) =—10
Column2 : 7—(-1)=38
Column3 : —2—(-5)=3
Column4 : 3—-(1)=2
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7.4 More on the Augmented Matrixll

1. For the following system of equations convert the system into an augmented matrix and use the
augmented matrix techniques to determine the solution to the system or to determine if the system
is inconsistent or dependent.

x—Ty=-11
5 + 2y = —18

The first step is to write down the augmented matrix for the system of equations.

1 -7]-11
5 2|18

S

We need to make the number in the upper left corner a one. In this case it already is and
so there really isn’t anything to do in this step for this particular problem.

-~

Next, we need to convert the 5 below the 1 into a zero and we can do that with the following
elementary row operation.

1 -7 -11 R2—5R1—>R2 1 -7]-11
5 2| —18 — 0 37 37

The next step is to turn the number at the bottom of the second column (37 in this case)
into a one. The following elementary row operation will do that for us.

1 —7|-11 +=Ro 1 —7|-11
0 37| 37 — 0o 1| 1

-~/
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Finally, we need to convert the number above the one we got in Step 4 into a zero. To do
that we can use the following elementary row operation.
—4
1

1 -7
0 1 1 — 01

11] R, +7Rs — R, [1 0

From the final augmented matrix we found in Step 5 we get the solution to the system is :

r=—-4, y=1 ]

2. For the following system of equations convert the system into an augmented matrix and use the
augmented matrix techniques to determine the solution to the system or to determine if the system
is inconsistent or dependent.

Tr — 8y =—12
—4dx+2y=3

The first step is to write down the augmented matrix for the system of equations.

7T =8| —12
-4 2 3

We need to make the number in the upper left corner a one. There are several ways to do
this. One way would be to use the elementary row operation %Rl. However, this would
put fractions into the other two entries in the first row and it might be nice to avoid them.

So, instead let’s do the following elementary row operation.

7 =8| —12 Ri1+2Ry — Ry -1 —4| -6
—4 2 3 — —4 2 3

Now, this isn’t quite what we want since the number in the upper left is a minus one and
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not a positive one. However, we can easily fix that by multiplying the first row by -1.
-1 —4|-6 —Ry 1 416
—4 2 3 N -4 213

Note that as this step has shown there are several different paths to do these problems.
Some will result in “messier” intermediate steps, but the solution we get in the end will be
the same regardless of the path we chose to follow in the solution process.

—

Next, we need to convert the -4 below the 1 into a zero and we can do that with the following
elementary row operation.
6
27

1 4
-4 2

3 — 0 18

6] Ry+ 4R, — Ry [1 4

The next step is to turn the number at the bottom of the second column (18 in this case)
into a one. The following elementary row operation will do that for us.

1 4] 6 R 14 6| |146
0 18|27 — o1 2| o1 3

In the first step we chose to avoid the step that put fractions into the augmented matrix, but
sometimes, as in this step, they can’t be avoided.

-~ Y

1 4 0
0 1 %

6] R, —4Ry — R, [1 0

0 1

%

Finally, we need to convert the number above the one we got in Step 4 into a zero. To do
that we can use the following elementary row operation.

3

2
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From the final augmented matrix we found in Step 5 we get the solution to the system is :

3. For the following system of equations convert the system into an augmented matrix and use the
augmented matrix techniques to determine the solution to the system or to determine if the system
is inconsistent or dependent.

3z + 9y = —6
—4dx — 12y =8

The first step is to write down the augmented matrix for the system of equations.

3 9| -6
-4 —12 8

We need to make the number in the upper left corner a one. In this case we can quickly
do that by dividing the top row by 3.
—2
8

3 9]-6 iRy 13
-4 -12| 8 -4 -12

Next, we need to convert the -4 below the 1 into a zero and we can do that with the following
elementary row operation.

1 3
-4 —12

-2 Ro+4R1 — Ro 1 3| -2
8 — 0 0 0
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The minute we see the bottom row of all zeroes we know that the system if dependent.
We can convert the top row into an equation and solve for x as follows,

T+ 3y =-2 — =3y —2

From this we can write the solution as,

r=-3t—2

; t is any number
y =

4. For the following system of equations convert the system into an augmented matrix and use the
augmented matrix techniques to determine the solution to the system or to determine if the system
is inconsistent or dependent.
6x — by =8
—12z2 4+ 2y =0

The first step is to write down the augmented matrix for the system of equations.

6 —518
-12 2|0

We need to make the number in the upper left corner a one. There are several ways to do
this. One way would be to use the elementary row operation %Rl. However, this would
put fractions into the other two entries in the first row.

We’re not going to be able to avoid fractions after this step and the above idea would do
what we need but it would lead to two fractions. Note however that if we interchange the

two rows we get,
6 —5|8 R1 <~ R2 —12 210
—12 210 — 6 —5|8

We could now do the elementary row operation —%Rl and we’ll only end up with one
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fraction in the first row instead of two so let’s do that.

-12 2|0 — &Ry 1 —£|0
6 —5|8 — 6 —5|8

Note that as this step has shown there are several different paths to do these problems.
Some will result in “messier” intermediate steps, but the solution we get in the end will be
the same regardless of the path we chose to follow in the solution process.

Ul O

—

elementary row operation.

1 -
6 —5

0 R2—6R1—>R2 1 -
8 0

Next, we need to convert the 6 below the 1 into a zero and we can do that with the following
%

1 —-11]0 —1R, L —5| 0
0 —418 — 0 1]-2

The next step is to turn the number at the bottom of the second column (-4 in this case)
into a one. The following elementary row operation will do that for us.

Finally, we need to convert the number above the one we got in Step 4 into a zero. To do
that we can use the following elementary row operation.

o

— O

0 Rl—i-éRQ—)Rl 1 0 —%
-2 — 2

From the final augmented matrix we found in Step 5 we get the solution to the system is W
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5. For the following system of equations convert the system into an augmented matrix and use the
augmented matrix techniques to determine the solution to the system or to determine if the system
is inconsistent or dependent.

dr — 25y =3
—2zx+ 10y =2

The first step is to write down the augmented matrix for the system of equations.

5 —2513
-2 10 | 2

We need to make the number in the upper left corner a one. In this case we can do this
with the following elementary row operation.

8

2

5 —25
-2 10

3 Ri+ 3Ry — Ry 0 0
2 — -2 10

Okay let’s step back for a second and convert the first row back to an equation. Doing this
gives,
0=38

That is clearly not true and we’ve done all our work correctly and so this system is incon-
sistent and there is no solution to the system.

6. For the following system of equations convert the system into an augmented matrix and use the
augmented matrix techniques to determine the solution to the system or to determine if the system

© August 2026 Paul Dawkins Algebra - Practice Problems Solutions -412 -



Chapter 7 : Systems of Equations Section 7.4 : More on the Augmented Matrixll

is inconsistent or dependent.

2z 4 3y =20
Tr + 2y =53

The first step is to write down the augmented matrix for the system of equations.

2 3|20
7 2|53

We need to make the number in the upper left corner a one. There are several ways to do
this. One way would be to use the elementary row operation %Rl. However, this would
put fractions into the other two entries in the first row and it might be nice to avoid them.

While this may seem to not be of any use let’s take a look at the following elementary row

operation.
2 3 20
7 2 -7

This operation worked on the second row instead of the first row that we need to work on.
Note however, that we did put a 1 in the lower number of the first column. We need a 1 in
the upper number of the first column and we can do that now simply by switching rows as

follows,
2 3 -7
1 -7 20

Note that as this step has shown there are several different paths to do these problems.
Some will result in “messier” intermediate steps, but the solution we get in the end will be
the same regardless of the path we chose to follow in the solution process.

20 R2—3R1 —>R2 2 3
23 — 1 =7

—7 — 2 3

20] Ry < Ry [1 _7

Next, we need to convert the 2 below the 1 into a zero and we can do that with the following
elementary row operation.

1 -7 -7 R2—2R1—>R2 1 -7 -7
2 31 20 — 0 17| 34
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The next step is to turn the number at the bottom of the second column (17 in this case)
into a one. The following elementary row operation will do that for us.

1 =7 -7 Ry 1 =7 -7
0 17| 34 — 0 1| 2

Finally, we need to convert the number above the one we got in Step 4 into a zero. To do
that we can use the following elementary row operation.

1 =7 -7 Ro+ TRy — Ro 1 07
0 1 2 — 0 1|2

From the final augmented matrix we found in Step 5 we get the solution to the system is :

x=T7 y=2 ]
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7. For the following system of equations convert the system into an augmented matrix and use the
augmented matrix techniques to determine the solution to the system or to determine if the system
is inconsistent or dependent.

20 + 5y + 2z = —38
3z — 2y +4z =17
—br+y—T7z=-12

The first step is to write down the augmented matrix for the system of equations.

2 5 2|-38
3 -2 4 17
-6 1 —7|-12

We need to make the number in the upper left corner a one. Much like with the previous
problems (i.e. solving systems with two variables) we can quickly do it with the elementary
row operation %Rl but that will put fractions into the augmented matrix and they would
probably be around for quite a few steps and it would be really nice to avoid them for as
long as possible when the augmented matrix starts getting this size.

So, let’s start with the following elementary row operation.

9 5 2]-38 17 —2] =55
3 —92 4| 17 RI_R_2>_>R1 3 —92 4| 17
6 1 -7|-12 6 1 -7|-12

With this operation we got a negative one in the spot where we needed a plus one, but we
can easily fix that with the next elementary row operation.

1 7 —2|-55 " 1 -7 2 55
3 -2 4| 17 _1> 3 -2 4 17
6 1 —7|-12 6 1 -7 —12

Now, a quick note before we really jump into the rest of this problem. Using augmented
matrices to solve systems with three variables can be a very tedious process and there are
a great number of possible paths to take in the solution process so your solution may well
vary from this solution depending on the path you took. The final answers however will the
same regardless of the path we take provided we did all the arithmetic correctly.
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Next, we need to convert the 3 and the -6 below the 1 in the first column into zeroes and
we can do that with the following elementary row operations.

1 -7 2 99 Ro—3R1 — Ro 1 -7 2 55
3 -2 4 17 R3+6R1 — R3 0 19 -2 —148
—6 1 7|12 — 0 —41 ) 318

We now need to turn the 19 in the second row into a one and it seems like the only easy
way to do that is the following elementary row operation.

1 -7 2| 55 1p 1 -7 2| 55
0 19 —2|-148 19772 0 1 -2 |-
%

0 —41 5| 318 0 —41 5| 318

In the first step we chose to avoid the step that put fractions into the augmented matrix, but
sometimes, as in this step, they can’t be avoided. With augmented matrices for systems
with three variables fractions will almost inevitably show up and they will often be “messy”
when they do.

This is just something we’'ll need to deal with when solving these systems. We try to avoid
them for as long as possible but except it when they show up and continue with the solution
process.

Next, we need to turn the -41 in the third row into a zero. The following elementary row
operation will do that for us.

1 -7 2 95 1 -7 2 55

19 19 N %g 1296
0 —41 5| 318 0 o 1] _%

Again, we had to put more fraction into the augmented matrix. This is just a fact of life with
these types of problems. However, as we’ll see in the next step they do often disappear as
well.
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Okay, we need to turn the % in the third row into a one and we can do that as follows,

1 -7 2 95 1 -7 2 95

9p
0 1 —2 |18 373 0o 1 _—2|_18
ﬁ _12% — 19 ig
0 0 g a0 0 0 1 2

R

Next, we need to turn the —% and the 2 in the third column into zeroes. The following
elementary row operations will do that for us.

1 -7 2| 55 R1—2R3— Ry 1 -7 0] 59
0 1 —%|-i¥ Ry+ #R3 — Ry 0 1 0]-8
0 0 1| =2 — 0 0 1|-2

Note that the fractions are now completely gone! This won’t always happen but it also will
happen fairly regularly that fractions get introduced in intermediate steps and then go away
in later steps.

For the final operation we need to turn the -7 in the second column into a zero and we can
do that as follows,

1 -7 0] 59 10
0 1 0]-8 R1+7i2_>R1 0 1
0 0 1|-2 0 0

—_ o O
[
N OO0 W

From the final augmented matrix we found in Step 8 we get the solution to the system is :

;13:3, y:—8, z=-2

N

8. For the following system of equations convert the system into an augmented matrix and use the
augmented matrix techniques to determine the solution to the system or to determine if the system
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is inconsistent or dependent.
3x — 92z =33
Tx —4y — 2= —15
4z + 6y + 5z = —6

The first step is to write down the augmented matrix for the system of equations.

3 0 -9 33
7T —4 —-1|-15
4 6 5| —6

Note the zero in the second column of the first row. Recall that the second column corre-
sponds to the coefficients of the y’s in each equation and because there is no y in the first
equation that coefficient must be zero.

 —

We need to make the number in the upper left corner a one. We can easily do that with the
following elementary row operation.

3 0 -9 33 1 0 -3 11
7T —4 —-1|-15 7T —4 —-1|-15
%

4 6 5| —6 4 6 5| —6

W=
=
[a

N

Next, we need to convert the 7 and the 4 below the 1 in the first column into zeroes and
we can do that with the following elementary row operations.

1 0 -3 11 R2—7R1 —>R2 1 0 -3 11
7 —4 —-1|-15 Rs—4R1 — Rj3 0 —4 20| —-92
4 6 5| —6 — 0 6 17| =50

We now need to turn the -4 in the second row into a one and that can be done with the}
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following elementary row operation.

1 0 =3| 11 g 10 —3| 11
0 —4 20| —92 4_>2 01 —5| 23
0 6 17| -50 0 6 17| —50

S

Next, we need to turn the 6 in the third row into a zero. The following elementary row
operation will do that for us.

10 -3 1 10 3| 1
01 —-5| 23 R3_6i2_>R3 01 —5| 23
0 6 17|-50 0 0 47|-188

-~

Okay, we need to turn the 47 in the third row into a one and we can do that as follows,

10 =3| 11 g 1 0 —3] 11
01 -5 23 47_>3 0 1 -5 23
0 0 47| —188 00 1]|-4

-3 11 R1+3R3 — R1
-5 23 Ro+5R3 — Ro
0 0 1| -4 —

o O =

S = O

—_= o O
w

Next, we need to turn the -5 and the -3 in the third column into zeroes. The following
elementary row operations will do that for us.

row and second column into a zero. However, in this case there is already a zero there

Normally we would have another step to do. We would need to turn the number in the first
and so there is no work to do in this step.
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The final form of the augmented matrix is then,

1 0 0]-1
010 3
00 1|4

As this step has shown we occasionally will get a number “for free”. In other words, the
work we put into an intermediate step will give us not only the number we were looking for
in that step but will also put in a number that we need in a later step. Or, as in this case,
the number we needed was actually there from the start.

From the final augmented matrix we found in Step 8 we get the solution to the system is :

r=-1,y=3, 2=—-4
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7.5 NonlinearSystems

1. Find the solution to the following system of equation.

y=x>+6x—8
y=4x+7

Before we get too far into the solution we first should mention that there is no one correct
solution path to these. Many of these types of problems will have multiple paths that we
can take to find the solution. However, regardless of the path we take the solution to the
system will be the same.

Okay on to the problem. In this case we can notice that both of the equations are in the
form “y =". This means that we can “substitute” y from one of the equations into the other.
In these kinds of problems this is often called “setting the equations equal’.

So, setting the equations equal gives,

22 +6x—8=4dx+7

Now, this is just a quadratic equation and by this point we should be able to solve that so
here is the solution work for the quadratic.

224+ 6x —8=4xr+7
2?42 —-15=0
(x—=3)(x+5)=0 — z=-5 z=3

We now have two values of x and so all we need to do is plug into either of the original
equations (the line would be easier) to determine the corresponding values of y for each .

r=-5: y=4(-5)+7=-13 = (=5,-13)
r=3 : y=43)+7=19 = (3,19)
So, for this system of equations we have two solutions : | (—5,—13) |and [ (3,19)
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2. Find the solution to the following system of equation.
y=1-3z

2
T 2
_— :1
4+y

Before we get too far into the solution we first should mention that there is no one correct
solution path to these. Many of these types of problems will have multiple paths that we
can take to find the solution. However, regardless of the path we take the solution to the
system will be the same.

Okay on to the problem. In this case the first equation is in the form “y =" and so we can
just plug this directly into the second equation. Doing this gives,

2
%4—(1—335)2:1

Be careful with the parenthesis when plugging the first equation in. We had y? and so we
need to make sure and square the whole y form the first equation when we plugged that in.
In other words, we need the parenthesis in there to make sure we deal with the exponent

properly.

Now, this is just a quadratic equation (which admittedly needs some simplification) and by
this point we should be able to solve that so here is the solution work for the quadratic.

2
%+(1—3:1:)2:1

2

TH1-6r+0a%—1=0
%xz—ﬁxzo
37 37
x<4x—6>— — z =0, Z:U—G—

From this we see we have two values of x for our solution : z =0 and z = g—‘% .
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We now have two values of x and so all we need to do is plug into either of the original
equations (the line would be easier) to determine the corresponding values of y for each .

r=0 : y=1-3(0)=1 = (0,1)
_2A (M3 N 24 35
AT AR 37) " 37 37" 37

Note that with this system we have also run into a potential problem. We found correspond-
ing y’s by plugging our z’s into the line. What if we had plugged them into the ellipse?

Let’'s use = = 0 as an example since it will be a little easier to do the work for. Plugging this
into the equation for the ellipse gives,

etyt=1 5 P =1 - y=+1

This implies that there should be two solutions corresponding to z = 0 and not the single
solution we found above! So, which is correct? Well recall that whatever solution we get
must satisfy both equations and only one of those values of y will satisfy the line when using
x = 0. Therefore, the only solution is the one we got from the line. We would have a similar
issue with the second value of z.

The problem arose when we plugged the line into the ellipse and squared it. The process
of squaring it introduced potentially “bad” solutions. We saw similar issues when we solved
equations with radicals several chapters back and the problem arose there for the same
reason, we squared something.

The nice thing about these problems however is that if we use the equation we plugged
in (the line in this case) to find the second values we don’t need to worry about the “bad”
solutions since they only arise from the equation that we plugged into (the ellipse in this
case).

This in fact is the real reason we used the line to find the corresponding y, although it was
also the easier of the two equations to use.

24
So, for this system of equations we have two solutions: | (0,1) [|and (37, —Z’i)

3. Find the solution to the following system of equation.

xy =4
2 2
2 v
4 25
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Before we get too far into the solution we first should mention that there is no one correct
solution path to these. Many of these types of problems will have multiple paths that we
can take to find the solution. However, regardless of the path we take the solution to the
system will be the same.

Okay on to the problem. In this case we can solve the first equation for either = or y and
plug this into the second equation. For no reason other than we had equations in x for the
first two practice problems for this section we’ll solve the first equation for = and plug this
into the second equation. The result will be an equation involving only y’s.

Here is that work.

N
< |

Y
= — — _—
v 1 35
16 2
v Y
¥ .7
4+25
4 42
~ 47
y2+25

Now, let's multiply both sides of this by 25y to clear denominators.

100 4 y* = 25¢2
y* — 2542 +100=0

This is quadratic in form so we can define u = 32 (and so u? = (yQ)2 = y*). Using this
substitution the equation becomes,

u? — 25u 4 100 = 0
(u—=5)(u—20)=0 — wu=5 u=20
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So, we got two values of u and each of these correspond to the following equation in terms
of y (i.e. using the substitution above).

u=5 : y*=5 - y=+V5

u=20: y*=20 - y==£v20==£2V5

We have four values of y that we need to find corresponding values of = for. We’'ll plug
these into the first equation (much easier to plug these into that equation).

ek = (49)

So, for this system of equations we have the four solutions listed above.

4. Find the solution to the following system of equation.

y=1-227

2
2 Y
_Z
T

Before we get too far into the solution we first should mention that there is no one correct
solution path to these. Many of these types of problems will have multiple paths that we
can take to find the solution. However, regardless of the path we take the solution to the
system will be the same.

Okay on to the problem. In this case the first equation is in the form “y =" and so we can
just plug this directly into the second equation. Doing this gives,

—922)?
xz_(l 2?) _

9

Be careful with the parenthesis when plugging the first equation in. We had 2 and so we
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In other words, we need the parenthesis in there to make sure we deal with the exponent

need to make sure and square the whole y form the first equation when we plugged that in.
properly.

Now, this is just a quadratic equation (which admittedly needs some simplification) and by
this point we should be able to solve that so here is the solution work for the quadratic.
, (1—222)?

N )
v 9

1
x2—§(1—4x2+4x4)—1:0
4 4 13 5 10

4z* — 1322 4+10=0

In the last step we multiplied by -9 to clear out the denominators and to eliminate the minus
sign on the z* term.

4u? —13u+10=0

(du—5)(u—2)=0 — u=

This is quadratic in form so we can define v = z2 (and so v? = (:c2)2 = z%). Using this
substitution the equation becomes,

+V5
r=—

So, we got two values of u and each of these correspond to the following equation in terms
of y (i.e. using the substitution above).
2
— r=+V2
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We have four values of x that we need to find corresponding values of y for. We'll plug
these into the first equation (much easier to plug these into that equation).

V5 VB 3 V5 3
gl - (5
() - ()
SB——T y=1-2 5 ) =73 = 575
=2 y:1—2<\/§>2:—3 = (\/ﬁ, 3)
xz—\/ﬁ:yzl—Q(—\@)zz—B = ( )

So, for this system of equations we have the four solutions listed above.

Note that with this system we have also run into a potential problem. We found corre-
sponding y’s by plugging our z’s into the parabola. What if we had plugged them into the
hyperbola?

Let's use = = /2 as an example since it will be a little easier to do the work for. Plugging
this into the equation for the hyperbola gives,
y2

2
(ﬁ) 5=l o 2-T =1 o =0 o y—33

This implies that there should be two solutions corresponding to = = v/2 and not the single
solution we found above! So, which is correct? Well recall that whatever solution we get
must satisfy both equations and only one of those values of y will satisfy the parabola when
using = = /2. Therefore, the only solution is the one we got from the parabola. We would
have a similar issue with the other values of z.

The problem arose when we plugged the parabola into the hyperbola and squared it. The
process of squaring it introduced potentially “bad” solutions. We saw similar issues when
we solved equations with radicals several chapters back and the problem arose there for
the same reason, we squared something.

The nice thing about these problems however is that if we use the equation we plugged
in (the parabola in this case) to find the second values we don’t need to worry about the
“bad” solutions since they only arise from the equation that we plugged into (the hyperbola
in this case).

This in fact is the real reason we used the parabola to find the corresponding y, although it
was also the easier of the two equations to use.
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Quite a few entries in this index are duplicated in several places throughout the index. For example
Vertex is listed both separately and as a sub entry of Parabolas. The reason for this is that | tried
to anticipate (probably badly at times....) just where in the index a reader would be looking for a
particular topic. Again to use Work as an example. A reader might look for Vertex as a separate
entry or, maybe, upon realizing it related to Parabolas look for it there.

So, assuming that I've anticipated properly, you should be able to find most entries in the table no
matter where you look (provided it's actually in the table of course).

Absolute Value Equation
solving, 159-165
Absolute Value Inequalities
solving, 166—169
Applications
linear equation, 68
distance/rate problems, 69-71
mixing problems, 74—76
pricing problems, 68—69
work/rate problems, 72—-74
quadratic equation, 111-116
Augmented Matrix, 401-405

Cirle
center and radius, 194-197
equation, 190
graph, 190-194

Complex Numbers, 49-54

discriminant, 108—110
Dividing Polynomials, 292—296
Domain, 211

Ellipse, 254261
graph, 254-258

Exponent
integer, 2—6
rational, 7-12

Exponential Functions, 334—-340
solving, 356—364

Function, 198-214
arithmetic, 221-226
composition, 223-227
difference quotient, 209-211
domain and range, 211
evaluation, 200-209
graph, 215-220

Functon
inverse, 228-235

Graph, 171-178
cirlce, 190-194
ellipse, 254-258
function, 215-220
hyperbola, 262-266
intercepts, 175-178
line, 179-180, 183-186
parabola, 238
rational function, 283-290
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transformations, 271-277

Hyperbola, 262-269
graph, 262—-266

Inverse Function, 228-235

Line
equation, 181-183
graph, 179-180, 183-186
parallel and perpendicular,
187-189
Linear Equation
applications, 68
distance/rate problems, 69-71
mixing problems, 74-76
pricing problems, 68—69
work/rate problems, 72—-74
solving, 60—67
Linear Inequality
solving, 130-136
Logarithm Functions, 341-355
solving, 365-379

Parabola, 238-253
graph, 238
Partial Fractions, 319-332
Polynomial, 22-27
degree, 22-27
dividing, 292—-296
factoring, 2838
greatest common factor, 28-30
grouping, 30-31
graph, 302-309
roots, 297-301
finding, 310-318
synthetic division, 295-296
zeroes, 297-301
finding, 310-318
Polynomial Inequality
solving, 137-146

Quadratic Equation
applications, 111-116
solving, 84-107

completing the square, 96—-104
discriminant, 108-110
factoring, 84—-92

quadratic formula, 104-107
square root property, 92-95

Radical, 13-21
evaluate, 14-15
rationalize denominator, 20-21
simplify, 16—20
Radical Equation
solving, 124-129
Range, 211
Rational Expressions, 3948
least common denominator, 44—48
Rational Function
graph, 283-290
Rational Inequality
solving, 147-158
Reducible to Quadratic
solving, 117-123

Solving
absolute value equation, 159-165
absolute value inequalities,
166—-169
linear equation, 60-67
linear inequality, 130-136
multi-variable equation, 78
polynomial inequality, 137—-146
quadratic equation, 84
completing the square, 96—-104
discriminant, 108—110
factoring, 84—-92
quadratic formula, 104-107
square root property, 92-95
radical equation, 124—-129
rational inequality, 147—158
reducible to quadratic, 117-123
solution sets, 56-59
systems
augmented matrix, 406-420
nonlinear, 421-428
three variables, 397—400
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two variables, 389-396 Synthetic Division, 295-296

Symmetry, 278-282 Transformations, 271-277
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